MODULI SPACES OF THREEFOLDS
ON THE NOETHER LINE

STEPHEN COUGHLAN, YONG HU, ROBERTO PIGNATELLI, AND TONG ZHANG

N Ot W=

ABSTRACT. In this paper, we study the moduli spaces of canonical
threefolds with any prescribed geometric genus py > 5 which have the
smallest possible canonical volume. This minimal volume is equal to the
smallest half-integer that is larger than or equal to %pg 1 , and the
threefolds in question are said to lie on the (refined) Noether line. For
every such moduli space, we establish an explicit stratification, compute
the dimension of all strata, and estimate the number of its irreducible
components. Thus it yields a complete classification of threefolds on the
(refined) Noether line. A new and unexpected phenomenon is that the
number of irreducible components of the moduli space grows linearly
with pg, while the moduli space of canonical surfaces on the Noether
line with any prescribed geometric genus has at most two irreducible
components.

The key idea in the proof is to relate these canonical threefolds X
to simple fibrations in (1, 2)-surfaces. In turn, this depends on the ob-
servation that a general member in |Kx| is a canonical surface on the
Noether line.
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1.1. Background. One of the most fundamental problems in algebraic ge-
ometry is to classify algebraic varieties, with probably the ultimate goal to
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understand the moduli space of varieties with prescribed discrete numerical
invariants. As a typical example, the moduli spaces M, of smooth curves of
genus g > 2 have been extensively studied since the seminal work of Mum-
ford. In the moduli theory for higher dimensional varieties of general type,
the main objects are varieties with ample canonical class and canonical sin-
gularities | , §1.2]. Geometric invariant theory (GIT) can be applied
to construct a quasi-projective coarse moduli space of such varieties | ]
(see also | | for surfaces). An alternative construction using the mini-
mal model program (MMP) was outlined for surfaces in | ] (see also
[ ]), and it gives a projective moduli space by adding stable varieties
(see [ | for details including the higher dimensional case). However,
the geometry of these moduli spaces is still far from being understood, even
without considering the locus parameterizing strictly stable varieties. The
basic questions include, for example:

e the non-emptiness of the moduli space of varieties of general type
with prescribed birational invariants;

e the dimension and the number of irreducible/connected components
of the moduli space, if it is non-empty.

In this paper, we describe the explicit geometry of moduli spaces of a class
of threefolds with ample canonical class, which are of special importance
from the viewpoint of the geography of algebraic varieties. To motivate our
result, in the following, we assume that X is a variety of general type of
dimension n > 2 with at worst canonical singularities. If the canonical class
Kx is ample, then X is called canonical. Let

hO(X, mK
Vol(X) := limsup X, mKx)

denote the canonical volume of X, and let
py(X) := h%(X, Kx)

denote its geometric genus. These two numerical invariants are fundamental
in the study of the birational geometry of X. Note that if Kx is nef, then
Vol(X) = K¥%.

When n = 2, the famous inequality due to M. Noether | | states that

Vol(X) > 2p,(X) — 4

for every surface X of general type. Surfaces satisfying the above equality are
usually said to be on the Noether line, and the study of such surfaces dates
back to the work of Enriques [ |. They are also known as Horikawa sur-
faces since in his celebrated paper [ |, Horikawa completely described
for each possible p, > 3 the moduli space parameterizing canonical surfaces
on the Noether line. More precisely, he showed that the moduli space is
either irreducible and unirational, or it has two unirational irreducible com-
ponents of the same dimension that do not intersect. Horikawa computed
the dimension of each component as well.
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When n = 3, the corresponding Noether inequality, conjectured around
the end of the last century, is now proved. More precisely, Chen et al. proved

in [ , , | that the inequality
4 10
(1.1) Vol(X) > gpg(X) 3
holds for every threefold X of general type. The inequality is optimal due
to known examples found by Kobayashi | ] for infinitely many but not
all p,. However, combining with results in | ], it can be refined as
1 [8p,(X)—20] 1
1.2 (X)) > | 22— —
(12 vol(x) > 5 | A= e O
with the term on the right-hand side being the smallest half-integer larger

than or equal to 3py(X) — 3 (see Theorem 2.2). This refined inequality

is optimal for every p, > 3 due to infinitely many examples constructed in
[ , ], and it naturally splits into three distinct Noether inequalities,
subject to the residue of p; modulo 3.

We say that a threefold X is on the refined Noether line (see Definition
2.3) if it satisfies the equality in the above (1.2). In other words, three-
folds on the refined Noether line with prescribed p, > 3 have the smallest
possible canonical volume. Recently, more examples of threefolds on the (re-
fined) Noether line have been constructed in | , , |, but the
question of whether there is a classification of all threefolds on the (refined)
Noether line (see | , Question 1.5]) has remained open until now.

1.2. Main theorem. The main result in this paper is an explicit description
of the moduli spaces of canonical threefolds on the refined Noether line with
geometric genus p, > 5. It can be seen as a three dimensional version
of Horikawa’s result | ] and provides a complete answer to the above
question when p, > 5. We summarize it as the following two theorems.

Theorem 1.1. For an integer py > 13, let ./\/lK37pg be the coarse moduli
space parameterizing all canonical threefolds on the refined Noether line with
geometric genus pg. Let N € {0,1,2} such that N = py + 2 (mod 3). Then

(1) Mgs,, is a union of ap, unirational strata, where

) N =0,
O[p:
’ \%ﬁy ifN = 1.

(2) The number vy, of irreducible components is at most oy, and at least
ap, — Bp,, where the value of By, is given in the following table. In

N=0 N=1 N =2
pg+8 pg+61 pg+36
ﬁpg [ 78 J L 78 J L 78 J

particular, vy, grows linearly with py, as py/4.
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(3) MKS% is mot equidimensional, and its irreducible component of
maximal dimension has dimension

i 169 Py + 2+ 2N 386 — 10N
dlmMKs,pg=3p9—56’V e 2 -‘ + 3 .

In contrast with aforementioned Horikawa’s results (and rather surpris-
ingly for us), Theorem 1.1 (2) shows that the number of irreducible compo-
nents is unbounded as p, tends to infinity. Moreover, we obtain not only
the dimension of Mgz, as in Theorem 1.1 (3) but also dimensions of all
strata of those in Theorem 1.1 (1) (see Propositions 6.5, 6.6, 6.7 for details).

If 5 < py <12, the following theorem gives a more concrete description
of the corresponding moduli space of threefolds on the refined Noether line.

Theorem 1.2. For an integer 5 < py < 12, let MK3,pg be the coarse moduli
space parameterizing all canonical threefolds on the refined Noether line with
geometric genus py. Then MKS,pg consists of vy, unirational irreducible
components, where vp, and the dimensions of each irreducible component
are given in the following table.

pg Vp, dimensions Dy Vp, dimensions

5 2 305, 309 9 3 463,476,520

6 2 341, 357 10 3 513,536, 582

7T 2 391,417 11 4 549,551,585,634
8 3 427,430,468 12 4 585,596,636,687

The moduli spaces Mgs , of the canonical threefolds on the refined
Noether line with p, = 3, 4 have been investigated in | ]. In both
cases, the corresponding moduli spaces are irreducible, and a general mem-
ber in the moduli has only two terminal singularities of type %(17 1,1) when
pg = 3, and is even smooth when p, = 4. However, Theorem 1.1 and 1.2 re-
veal new phenomena when py > 5. More precisely, the moduli space M,
of canonical threefolds on the refined Noether line with p, > 5 is never
equidimensional (thus always reducible). Consider the (unique) irreducible
component of Mgz, with the maximal dimension. Then a general member
in it has non-isolated canonical singularities of type cEg when p, > 6 and
type cA; when p; = 5 (see the tables in §6 for details). In the case N =0,
this gives a lot of examples of non-smoothable canonical threefolds whose
singularities are locally smoothable. This also differs dramatically from the
surface case [ |, where a general canonical surface on the Noether line
is always smooth.

1.3. Idea of the proof. The proof of the main theorems begins with in-
vestigating the following birational version of a conjecture stated in [ ,
Introduction].
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Conjecture 1.3. There exists an € > 0 such that every canonical threefold
X with K% < pg(X) — 2 +¢ and py(X) > 1 birationally admits a simple
fibration in (1,2)-surfaces over P!,

Here and throughout this paper, a (1,2)-surface is a surface S with at
worst canonical singularities, Vol(S) = 1 and p,(S) = 2. A key feature of
a (1,2)-surface is that its canonical ring is generated by four elements of
respective degree 1, 1, 2 and 5 and related by a single equation of degree 10.
Simple fibrations in (1,2)-surfaces were introduced and studied in | ]
(see Definition 4.1 for a precise definition). They are fibrations f: X — B
from a threefold X with canonical singularities to a smooth curve B with K x
being f-ample such that the canonical ring of each fibre is “algebraically”
like that of a (1,2)-surface. An enlightening result proved in | | is that
every Gorenstein minimal threefold X admitting a simple fibration in (1, 2)-
surfaces over P! satisfies K3 = %pg(X) — Y. Thus Conjecture 1.3 is a
generalization of the converse of the above result.

The first step in the proof of the main theorems is to confirm the above
conjecture in an effective way.

Theorem 1.4 (See Corollary 4.4). Up to a crepant birational morphism,
every canonical threefold on the refined Noether line with py > 5 admits a
simple fibration in (1,2)-surfaces over PL.

Combining this theorem with the results in | ] and | ], it follows
that Conjecture 1.3 holds for ¢ = % when p, > 11, and for ¢ = 3—10 when
pg = 5. Moreover, it does not hold for p, = 4 since a general canonical
threefold on the Noether line with p, = 4 has no pencil of (1, 2)-surfaces,
see Remark 4.3.

The original biregular version of the conjecture, the one in | , Intro-
duction], claimed the existence of a simple fibration in (1, 2)-surfaces directly
on the canonical model. This also follows by Corollary 4.4, but for bigger
pg- That is, for ¢ = % we need p, > 23. In §7.3, we construct canonical
threefolds of index three showing that the (birational) conjecture does not
hold for any € > %

Now we explain the strategy of the proof of Theorem 1.4. Let X be a
canonical threefold on the refined Noether line with py(X) > 5. If p,(X) >
11, then it has been proved in | ] that X has a minimal model X’ which
is fibred by (1,2)-surfaces over P!. Thanks to | |, such a result can
be extended to the case when py(X) > 5 (see Theorem A.2). Let X( be
the relative canonical model of X’ over P!. The main technical difficulty
is to prove that the fibration fy: Xg — P! is a simple fibration. That is,
to determine the canonical ring of every fibre. To overcome this, our main
discovery is that the Cartier index of Xy is at most two and that a general
member of |Kx,| is a canonical surface on the Noether line (see Theorem
3.5). By Horikawa’s work on the classification of fibrations by curves of
genus two | ], we deduce that a general member of |Kr, | for any fibre
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F, of fy is a Gorenstein integral curve of arithmetic genus two. With such
a nice canonical curve, the canonical ring of F), can be computed via the
method in | , .

Given Theorem 1.4, in the second step of the whole proof, we focus on
threefolds X admitting simple fibrations in (1, 2)-surfaces over P!. To such
a threefold X we associate a triple of integers (d, N, dp). Here N = 6K% —
8pg(X) + 20 > 0. The novelty here is to show that

Theorem 1.5 (See Theorem 5.2). If N < 4, then X is isomorphic to a
hypersurface in a toric fourfold uniquely determined by the triple (d, N, dp)
with an explicit defining equation.

Note that X lying on the refined Noether line implies N < 2. Thus by
Theorem 1.4, every threefold X on the refined Noether line with py(X) > 5
is isomorphic to a divisor in a toric fourfold, and in this case, we have
pg(X) =3d — 2+ N. Moreover, as a general hypersurface, X has at worst
canonical singularities if and only if $(d + N) < dy < (3d + N), and dy
determines the singularities on X (see Proposition B.1). Roughly speaking,
the smaller dj is, the more singular X is.

We note that the assumption N < 4 in Theorem 1.5 is optimal, as we
give in §7.2 an example of a simple fibration in (1, 2)-surfaces over P! with
N =5 that is not isomorphic to a hypersurface in any toric fourfold of those
considered in Theorem 5.2.

In the final step of the entire proof, we study the modular family Mév (do)
of hypersurfaces X (d, N;dp) in F(d, N; dy) with the desired degree for N < 2.
By Theorem 1.5, every M% (do) maps (finite-to-one) to Mks p,» the mod-
uli space of canonical threefolds on the refined Noether line with p, =
3d —2+ N > 5, and the images V.V (dy) of MY (dy) give rise to a stratifica-
tion of Mgs , . Based on the explicit equation of X (d, N;dp), we manage
to compute all dimensions of MZ% (dy), thus V¥ (dy). Together with some
deformation technique in [ ], we are able to show that every V¥ (dp) is
contained in the closure of VdN (L%d + %J) when N =0 and dy > d or when
N > 0and dy > d+1. This gives one irreducible component of Mgs ;, . On
the other hand, for most dy < d, the closure of V.V (dy) forms an irreducible
component of Mgs ,, (see Theorem 6.9, 6.10 and 6.11 for details). Thus the
number of irreducible components of My, grows as d (thus Pg) SLrOWS.

We summarize the geometric consequences of our classification. Suppose
that X is a canonical threefold on the refined Noether line, general in its
stratum of the moduli space. We assume that X is not one of the finite and
small number of cases with p, < 22, for which we usually need a crepant
blowup to realize the simple fibration. Then X has the following properties:

(1) X admits a simple fibration f: X — P! in (1,2)-surfaces, and the
f-relative canonical model of X is isomorphic to X itself.
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(2) X has N singularities of type %(1, 1,1) and possibly Gorenstein
canonical singularities along a section of f. Thus X is Gorenstein if
N =0, and 2-Gorenstein otherwise.

(3) The canonical map of g : X --» ¥ is a rational map whose image is
a Hirzebruch surface. The simple fibration is induced by the compo-
sition of ¢ with the natural projection to P!. The indeterminacy
locus of px is a section o of f. For p in P!, the corresponding point
o(p) is the basepoint of |Kf,|, where F}, :== f*p.

(4) The bicanonical map ox: X — Q is a 2-to-1 morphism to a (toric)
P(1,1,2)-bundle Q over P!, branched along a surface of relative de-
gree 10 and the section of vertices o). That is, o) (p) is the point
(0:0:1)in @, = P(1,1,2). The branch surface intersects oy in N
points.

(5) The general canonical surface section S in |K x| is a Horikawa surface
with canonical singularities. If NV = 0, then Kg is 2-divisible as a
line bundle and S is an even Horikawa surface.

1.4. Structure of the paper. The paper is structured as follows.

In Section 2, we recall the Noether and the refined Noether inequality
for threefolds of general type obtained in | , , , ].
The key result here is that every canonical threefold on the refined Noether
line birationally admits a fibration in (1, 2)-surfaces over P!, whose proof is
in Appendix A.

Section 3 is devoted to the study of threefolds fibred by (1,2)-surfaces.
The main result in this section is Theorem 3.5, showing that a general
canonical divisor is in fact a canonical surface on the Noether line.

In Section 4, we apply Theorem 3.5 to prove Theorem 1.4, verifying the
aforementioned Conjecture 1.3.

In Section 5, we prove Theorem 1.5. Moreover, in Proposition 5.5 (cf. Ap-
pendix B) we also give an explicit description of singularities on threefolds
X admitting simple fibrations in (1, 2)-surfaces.

In Section 6, we apply the results in Section 5 to study the stratification
of the moduli space of canonical threefolds on the refined Noether line,
obtaining Theorems 1.1 and 1.2.

In Section 7, we provide more examples of fibrations in (1, 2)-surfaces that
complement the main results. §7.1 contains the classification of the simple
fibrations in (1,2)-surfaces over P! whose canonical class is not nef. This
gives sporadic interesting examples of canonical threefolds with small volume
and small genus, that are not in the moduli spaces described by Theorems
1.1 and 1.2. In §7.2, we construct a simple fibration in (1, 2)-surfaces over
P! which is not a hypersurface in a toric fourfold as in Theorem 1.5. Similar
constructions are known for each N > 5. In §7.3, we produce canonical
threefolds with arbitrarily high genus p, and canonical volume %pg — %, that
have no simple fibration in (1,2)-surfaces. They all have index three.
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Finally, the appendices. Appendix A contains the proof that every canon-
ical threefold on the refined Noether line birationally admits a fibration in
(1,2)-surfaces over P!. Appendix B classifies the singularities occurring on
simple fibrations in (1, 2)-surfaces.

1.5. Notation. Throughout this paper, we work over the complex number
field C, and all varieties are projective.

e A variety X is minimal if it has at worst Q-factorial terminal singu-
larities and K x is nef.

e For a normal variety X, if py(X) > 2, then the global sections of the
canonical class induce a rational map, called the canonical map, from
X to PPs(X)=1 The closure of the image of X under its canonical
map is called the canonical image of X, whose dimension is called
the canonical dimension of X.

e Given two variables tg,t1, we denote by S™(to,t1) the set of homo-
geneous polynomials of degree n in the variables tg, ¢1.
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2. NOETHER INEQUALITY AND THE REFINED NOETHER LINE

In this section, we collect some known results about threefolds with small
volume.

We are interested in the moduli space of canonical threefolds. Some of
the following results we use are stated in the original papers for minimal
threefolds of general type, but these results extend to canonical threefolds
by the obvious use of a terminalisation. Indeed, for a canonical threefold
X, there exists a crepant birational morphism 7: X — X such that X is
minimal by | ] or | , Theorem 6.25]. Therefore, we reformulate
these results directly here for canonical threefolds.

We start from the Noether inequality for threefolds of general type, which
is an accumulation of | , Theorem 1.1], | , Theorem 1] and
[ , Theorem 1.1].
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Theorem 2.1 (Noether inequality). Let X be a canonical threefold. Then

the inequality (1.1)
4 10
Ky > —p,(X) — —

holds.

The inequality (1.1) is indeed optimal for infinitely many p, (see | ,

, , , ] for examples for which the inequality becomes

an equality). However, it is shown in [ , Theorem 1.2] that if the equality

in (1.1) holds, then py = 1 (mod 3). It turns out that, combining with results
in [ |, we actually have the following refined Noether inequality.

Theorem 2.2 (Refined Noether inequality). Let X be a canonical threefold.
Then the inequality (1.2)

o L Ppg();) —201

holds.

Proof. To prove this inequality, we may assume that py(X) > 3. When
pg(X) < 4, the inequality follows from | , Theorem 1.5]. When py(X) >
5, by [ , Theorem 2.4], | , Theorem 4.4 and 4.5] and | ,
Theorem 4.6], we only need to treat the case when the canonical image
¥ of X is a surface. In this case, by Lemma A.1 and [ , Proposition
2.1], we may further assume that X admits a fibration over P! with gen-
eral fibre a (1,2)-surface. Then we are under the setting of | , §3], and
the inequality follows from | , Proposition 3.5(2)] (note that we have
d>deg¥ > py(X) —2). O
Equivalently, as is stated in Theorem 2.2, suppose that X is a canonical

threefold.

(1) If p, = 1 (mod 3), then K3 %pg(X) -1

(2) If py = 2 (mod 3), then K% > 3pg(X) — 22,

(3) If p; = 0 (mod 3), then K3 > 3py(X) — 3.
The key difference from (1.1) is that, by the examples constructed in [ ,

>
>

|, the refined Noether inequality (1.2) is optimal for all p, > 3.

Definition 2.3. For a canonical threefold X with p,(X) > 3, we say that
it is on the refined Noether line, if
K3 = 1 {8pg(X) — 20-‘ ‘
2 3
Clearly, the above equality means three distinct equalities subject to the
residue of p; modulo 3, which in turn give rise to three distinct Noether
lines (they are called the first, second and third Noether lines in | D).
However, in the current paper, we will use the above equality to unify the
three lines as one “refined line”, just because it works for all p, > 3 and
involves less notation.
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As is discovered in | ] for pg > 11 as well as in | | for 5 < py <
10, canonical threefolds on the refined Noether line with p, > 5 satisfy the
following geometric property.

Theorem 2.4. Let X be a canonical threefold on the refined Noether line
with py(X) > 5. Then the canonical dimension of X is two. Moreover, it
has a birational minimal model X, such that X1 admits a fibration over P!
whose general fibre is a smooth (1,2)-surface.

Proof. See Theorem A.2 for the proof. O

As we will see in the sequel, the structure of the fibration in (1, 2)-surfaces
completely determines the geometry of the threefolds on the refined Noether
line.

We remark that the assumption that p, > 5 in Theorem 2.4 is also op-
timal. In fact, by | , Theorem 1.5], a general canonical threefold on
the Noether line with p, = 4 is a double cover over P3. In particular, it has
canonical dimension three and has no pencils of (1, 2)-surfaces. Meanwhile,
by | , Example 3.1] and | , Theorem 1.6], a general canonical
threefold on the refined Noether line with p, = 3 does not have pencils of
(1,2)-surfaces, either.

3. THREEFOLDS FIBRED BY (1,2)-SURFACES WITH SMALL VOLUME

In this section, we always assume that X is a minimal threefold of general
type with py(X) > 5 such that

(1) the canonical dimension is two;
(2) X admits a fibration f: X — P! with general fibre F a (1, 2)-surface.

3.1. General setting. In this subsection, we study the canonical map of
X. We first recall some results in [ , §3] and refer the interested reader
to loc. cit. for more details.

Let ¢r,: X --—» PPs(X)~1 he the canonical map of X whose image is
a surface . As in | , §3.1], we may take a birational modification
m: X' — X such that 7 is an isomorphism over the smooth locus of X and
that |M| = Mov|r*K x| is base point free. Write

Ky =M+ 7,

where Z > 0 is a Q-divisor. Then we have the following commutative

diagram
X' 4 b
/ l N l
K T
P! X—---- E
f PK

T

where ¢ is the morphism induced by |M|, X’ % 5Y 5 % is the Stein
factorization of ¢, and f’ = f o is the induced fibration. Denote by F’ a
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general fibre of f’. Furthermore, since X has at worst terminal singularities,
we may write
KX/ = 7T*KX + Em
where E; > 0 is a m-exceptional Q-divisor.
Take a general member S € |M|. By Bertini’s theorem, S is a smooth

surface of general type. Let C be a general fibre of 1. By | , Lemma,
3.1], C is a smooth curve of genus 2. We have

Mls = dC,
where d = (deg7) - (degX) > py(X) — 2. Asin | , (3.3)], we may write
(3.1) Exls=Ts+ By, Z|s=Ts+Zy,

where I's is a section of the fibration 1|gs: S — P!, Ey and Zy are effective
divisors which are vertical with respect to 1¥|s. By the adjunction formula,
we have

(32) Ks=(Kx +9S)|ls=2M+E.+ Z)|s =2dC +2T's + Ey + Zy.

Denote by o: S — Sy the contraction onto the minimal model of S. By
the proof in | , Proposition 3.5], the fibration v|s: S — P! descends to
a fibration Sy — P1. Let Cy = 0.(C) and TI's, = 04(I's). Then g(Cp) = 2
and T'g, is a section of the fibration Sy — PL. By (3.2), we have
(3.3) Ks, = 2dCy + 2I'g, + ox(Ey + Zy).

Asin [ , (3.5)], we may write
* 1 *
(3.4) (7T Kx)‘g ~Q 50 KSO—I—H,

where H > 0 is a Q-divisor.
The following proposition follows from the proof of | , Proposition
3.5].

Proposition 3.1. The followz’ng (in)equalities hold:

(1) (Ks,-I'sy) = 5(2d+2+ (Ts, - 0x(Bv + Zv)));
(2) KS :4d+2(K50 PSO) (KSO U*(EV+ZV)):'

(3) ((7r KX) 50" Kg,) = 2d+ (Kg, - T'sy) + (Ks, - 0:2Zv);
(4) K% > 5 ((m"Kx)|s - 0" Kg,).

Proof. The equality (1) follows is just | , (3.7) and (3.8)]. The equality
(2) follows from (3.3). For (3), we have

(T Kx)|s - 0"Ks,) = (M5 + Z|s) - 0" Ks,)
= ((dC+Ts+ Zy)-0"Ks,)
=2d+ (Ks, - I's,) + (Ks, - 0+ 2y ).
Thus the equality in (3) holds. To prove (4), note that we have

K% = (m"Kx)® > (m"Kx)|s)? > - (7" Kx)|s - 0" Ks,) ,

where the last inequality follows from (3.4). The proof is completed. O

DN | =
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3.2. Refined estimate. In this subsection, we prove two refined numerical
results subject to the effective Q-divisor H in (3.4).

Take a general linear pencil A of Mov|Kx|. Since ¢(X) = 0 (see | ,
Lemma 3.4] for example), applying | , Proposition 3.1] to A, we get a
birational morphism p : W — X with a fibration g : W — P! such that W
is Q-factorial terminal and

(3.5) G = M*(Kx—‘y-SX)—Kw—SW

is an effective u-exceptional divisor, where Sy is a general fibre of g and
Sx = pw«Sw. Note that G is independent of Sy by the negativity lemma
[ , Lemma 3.39]. We may write

(36) Kx =58x + Zx, KW:M*KX‘FE#,

where E, > 0 is a p-exceptional Q-divisor. Since |Kx| is not composed
with a pencil and A is general, we deduce that Zx is just the fixed part of
|Kx|. Note that Sy is a general member in Mov|Kx|. We may assume that
Sx = mS. Thus Sy is birational to S. In particular, Sy is the minimal
model of Sy. Denote by oy : Sy — Sp the contraction.

3.2.1. The case when H # 0. We first consider the case when H # 0. We
have the following refined Noether inequality.

Proposition 3.2. Suppose that H # 0 for the effective Q-divisor H in
(3.4). Then the following inequality holds:
4 17
K3 > —pg(X) — —.
X = Bpg( ) 6

To prove Proposition 3.2, we assume that H # 0. Note that (7*Kx) |g
and 0*Kg, are nef and big divisors. By (3.4) and the Hodge index theorem,
we have

* * * * 1
(3.7) (W Ex)lsw - oivKsy) = (7" Kx)ls - 0" K) > 5 K5,
On the other hand, by (3.5) and (3.6), we have

* * 1 * *
(W Kx)|sy -owKsy) = = (0" Zx + Kw + Sw + G)|sy - oy Ks,)

2
1 1
(3‘8) = 5 ( Sw * O-?;VKSO) + 5 ((M*ZX + G)‘SW : UItVKSO)
1 1, ., "
= §K§O t3 (ow Ksy - (W Zx + G)|sy) -

Combine the above two result together, and it follows that
(owKs, - (" Zx + G)lsy,) > 0.

Thus there is an integral curve A C Supp ((u*Zx + G)|sy, ) such that (o}, Kg,-
A) > 1. Let X be the coefficient of A in the effective Q-divisor (u*Zx+G)ls,, -

Lemma 3.3. We have \ > % As a result, we have

i} i} 1 1
(" Kx)|s - 0" Kg,) > §K§0 tg
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Proof. Note that the inequality on ((7*Kx)|s - 0*Kg,) is a consequence of
(3.7), (3.8) and the fact that A > 1. Thus we only need to prove that A > 1.
In the following, we assume that A < 1.

If A is not contained in a p-exceptional divisor, then A C (u;'Zx)|syy -
In this case, A must be a positive integer. Thus we may assume A C Ej|g,,
for some p-exceptional prime divisor E;. If p(A) is a curve on X, then
u(E;) = p(A) is also a curve. Since the singularities of X are isolated, X
is smooth at a general point of p(FE;). In this case, A\ is again a positive
integer. Thus we further reduce to the case when p(A) is a point. Then we
have (W*Kx)|sy - A) =0.

On the other hand, similar to (3.8), we have

(0 Kx) sy - A) = 5 (1 Zx + K + S + Qs - A)
> %((sz +AA) - A)
_ %(1 — N (Ksy - A) + Apa(4) — 1)
> (1= N)(Ks, - A) ~ A

Since (oy, Kg, - A) > 0, we see that A is not oy -exceptional. Thus we have
(Ksy, - A) > (o Ks, - A) > 1. Since A < 1, the above inequality implies
that 0 > 1 — 3\. Thus A > % The proof is completed. O

Now we prove Proposition 3.2.

Proof of Proposition 3.2. By Lemma 3.3, we have

. N 1 1

(7" Kx)ls - 0" Ks,) > K5, + 5.
Combine this with Proposition 3.1 (2) and (3), and we deduce that
1 1
(Ksy - 0x2y) > 3 (Ks, - ox(BEv + Zv)) + 5
By (3.1), By + Zy = Kx/|s — S|s —2I's . Thus Ey + Zy > 0 is a Cartier
divisor on S. Thus the above inequality implies that (K, - 0. (Eyv + Zy)) >

1, which further implies that

2

Now o.(Ev+Zy) # 0. Since Kg, is 2-connected, we have (I's, - 0. (Ey + Zy)) >
1. Together with Proposition 3.1 (1), we deduce that

2
(KSO 'FSO) > §d_ 1.

Combine the above two inequalities with Proposition 3.1 (3) and (4), and it
follows that
K% >

(" Kx)|s-0"Kg,) > =d —

W >

4
> gpg(X) -

| =
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where the last inequality follows from the fact that d > py(X) —2. Thus the
proof is completed. O

3.2.2. The case when H = 0. We now treat the case when H = 0. We have
the following very explicit description.

Proposition 3.4. Suppose that H = 0 for the effective Q-divisor H in
(3.4). Then the following statements hold:

(1) the canonical linear system |Kx| has no fixed part, i.e., Zx = 0;
(2) a general member Sx € |Kx| has at worst Du Val singularities with

Kgs, nef;
(3) the Cartier index of Kx is at most two, and
4 10 N
K% = —py(X)— — + —
X 3pg( ) 3 + 6

for some non-negative integer N.

Proof. Since H = 0, by (3.4), we have 2(7*Kx)|s ~g 0*Ks,, which implies
that 2(W*Kx)|s,, ~o oy Ks,. Together with (3.5) and (3.6), we deduce
that

(G + :U’*ZX)‘SW = 2(M*KX)‘SW — Ky ~q _(KSW - O-;;VKSO)'
Since G, p*Zx and Kg,, — oy Kg, are all effective divisors, it follows that
2(M*KX)|SW - Kgy, = G’SW = (/‘*ZX)‘SW =0

and that Sy is minimal. By | , Lemma 3.4 and 3.5, we know that
Sx is klt and that Zx = 0. Moreover, for any non-Gorenstein singularity
P € X, the Cartier index of Kx at P is the same as the Cartier index of
lesx at P.

Since Sx is kIt and Zx = 0, we have 2Kx|s, = (Kx + Sx)|sy = Ks,-
Pulling back by p|s,, , we have Kg,, = (1|, )*Ks,. Thus Sx has at worst
Du Val singularities, and Kg, = 2Kx|g, is a nef Cartier divisor. It follows
that the Cartier index of Kx is at most 2. Thus 2K g’( is a positive integer,
and it follows by Theorem 2.1 that N := 6K% — 8py(X) —20 > 0 is a
non-negative integer. As a result, we have

K% = gpg(X) - ? + %
The proof is completed. U

3.3. Main result. We first recall the associated basket By to X according
to Reid. There is a Riemann-Roch formula in [ , Corollary 10.3] for
Py(X) = h(X,2Kx):

1
(3.9) Py(X) = §K§’( + 3x(wx) + l2(X).
Here the correction term
bo(rqg — bg)
1 H(X) = i At 2. 24
(3.10) 2(X) =) =g

Q
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where the sum ZQ runs over all singularities Q € Bx with the type
%(1, —1,bg) (bg and rq are coprime, and 0 < by < 3r¢).
The main result in this section is the following theorem.

Theorem 3.5. Let X be a minimal threefold of general type with py(X) > 5
such that

(i) the canonical dimension is two;
(ii) X admits a fibration f : X — P! with general fibre F a (1,2)-surface;
(i) K% < $py(X) — 1.
Let fo : Xo — P! be the relative canonical model of X with respect to f.
Then we have the Noether equality

4 10 N
K%, = gpg(XO) “3 1%

for an integer N € {0,1,2}. Moreover, the following statements hold:

(1) the Cartier index of Xo is at most two;

(2) the canonical linear system |Kx,| has no fizved part;

(3) a general member Sx, € |Kx,| has at worst Du Val singularities,
Kgy, is nef and f0|5x0 -ample, and Kgxo = 2py(Sx,) —4 > 10.

Proof. By | , Lemma 3.4], h'(X,0x) = h?(X,0x) = 0. Thus the

Riemann-Roch formula (3.9) for X becomes
1
Py(X) = §K§( + 3 (pg(X) — 1) + I2(X).

Since Kg)’( < %pg(X) — %, by Proposition 3.2, we know that H = 0 for the
effective Q-divisor in (3.4). Thus by Proposition 3.4, X satisfies the equality

K% = gnlX) -5+
for some integer 0 < N < 2, so does Xg. Let 7 : X — X be the contraction.
Then we have Kx = 7*Kx,. Thus the statement (1) and (2) also follow
from Proposition 3.4 (1) and (2), respectively.

To prove the statement (3), let Sx, € |Kx,| be a general member, and let
Sx = 1*Sx,. By Proposition 3.4 (3), Sx has at worst Du Val singularities,
and Kg, is nef. Since 7|s, : Sx — Sx, is the contraction onto the relative
canonical model of Sx with respect to f|g,, we deduce that Sx, also has
at worst Du Val singularities and that K, Sxo is nef and fp| Sxo -ample.

To show that K%XO = 2py(Sx,) — 4, we only need to show that K%X =
2pg(Sx) — 4. Since Sx has at worst isolated singularities, by Proposition
3.4 (2), we have KSX = (KX + SX)|SX = 2KX|SX~ Thus KL%X = 4K§(.
Consider the following exact sequence:

0— Ox(Kx) — Ox(KX -+ Sx) — OSX(KSX) — 0.
Since h'(X, Kx) = h*(X,Ox) = 0, we have

(311)  py(Sx) = P(X) — py(X) = S K% +2py(X) = 3+ b(X).
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If N =0,ie, K = 3py(X) — 2, then l(X) = 0 by | , Proposition
4.3]. Thus the equation (3.11) becomes
1 1
pg(Sx) =5 §<+2pg(X)—3:2K§’(+2:§ g +2.
IfN=1,ie, K} = %pg(X) — %, then ly(X) = % by [ , Proposition
4.4]. Thus the equation (3.11) becomes

1 11 1
py(Sx) = §K§( +2py(X) — - = 2K% +2 = §K§X + 2.

If N =2 ie, K¥ = %pg(X) — 3, then [r(X) = % by [ , Proposition
4.4]. Thus the equation (3.11) becomes

1 5 1
py(Sx) = §K§; +2py(X) — = =2K% +2= §K§X +2.

2
As a result, we have

K&, =2py(Sx) —4 > K% + 4py(X) — 10 > 10
in all three cases N = 0,1,2. Here the last inequality is from (3.11). The
proof is completed. O

Proposition 3.6. In Theorem 3.5, if py(X) > 23, then the relative canon-
ical model Xq is just the canonical model of X .

Proof. Under the assumptions in Theorem 3.5, if py(X) > 23, by | ,
Proposition 3.13 and Lemma 3.3, we may write

frwx = Opt (a) @ Op (b),

where @ > b > 1 are two positive integers.

Consider the relative canonical map ¢ : X --» P(f,wx) of X over P!,
Since the base locus of |Kp| is a single point, we see that the f-horizontal
indeterminacies of ¢ form a section I' of f whose intersection I' N F' with

F is just the base point of |Kp|. Moreover, by | , Corollary 3.5],
Kx — bF is nef away from I'. In particular, (Kx — F)-C) > 0 for any
integral curve C' # I'. On the other hand, by | , Proposition 3.5], we

have (Kx — F)-T) > %(py(X) —4) — (F - T') > 0. Thus we conclude that
Kx — Fis nef.

Denote by Fy a general fibre of fy : Xg — P'. Then K x, +tFp is ample for
a sufficiently large ¢. Note that the above argument implies that Kx, — Fp
is nef. Thus Kx, = H%(KXO — Fy) + H%(KXO + tFp) is ample. The proof
is completed. O

4. EXISTENCE OF SIMPLE FIBRATIONS IN (1,2)-SURFACES

In this section, we study the explicit structure of the fibration on the
canonical model of the threefold in Theorem 3.5.

We first recall the definition of a simple fibration in (1, 2)-surfaces as in
[ , Definition 4.1].
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Definition 4.1. A simple fibration in (1,2)-surfaces is a surjective mor-
phism 7: X — B such that

(i
(ii

(iii
(iv

B is a smooth curve;

X is a threefold with at worst canonical singularities;

Kx is m-ample;

for all p € B, the canonical ring R(X,, Kx,) := @, HO(Xp,dKXp)
of the surface X, := 7*p is generated by four elements of respective
degree 1, 1, 2 and 5 and related by a single equation of degree 10,
where KXp = lexp.

~— — — —

For simplicity, if a threefold X admits a simple fibration in (1, 2)-surfaces,
we often write that X itself is a simple fibration as in | |. Moreover, if
B ~ P!, we say that the simple fibration is regular.

Theorem 4.2. Suppose that X is a canonical threefold with p,(X) > 5 such
that one of the following holds:

(1) ﬁf;e canonical dimension of X is two, py(X) > 7 and K% < 3pg(X)—
o
(2) py(X) =6 and K% < %.
(3) py(X) =5 and K% < %.
Then there is a crepant birational morphism Xy — X such that Xy admits
a reqular simple fibration in (1,2)-surfaces. Moreover, if py(X) > 23, then
XO ~ X.

Proof. By [ , Proposition 2.1] and Lemma A.1, there is a minimal model
X, of X so that X; admits a fibration 7;: X; — P! whose general fibre is
a smooth (1, 2)-surface. Let Xy be the relative canonical model of X; with
respect to m1. Then we have the induced fibration m : Xg — P!. Let E,
denote the fibre of mg over any closed point p € PL.

We first prove the following two claims.

Claim 1. A general element C' € |KF,| is an integral curve of arithmetic
genus two. In particular, F}, is integral and K%p =1.

In fact, take a general member Sy, € [Kx,|. By Theorem 3.5 (3), Kgy,
is nef and Wo\gxo—ample, and Kgxo = 2py(Sx,) —4 > 10. In particular,
Pg(Sx,) > 8. By [ , §1], Sx, itself is a canonical surface on the Noether
line. By the classification of singular fibres in | |, every fibre of mo|sy,
Sx, — P! is an integral curve of arithmetic genus two. That is, Cp = Sx,| Fp
is integral for every p. So is F},. Thus K%p =1

Claim 2. For any integer n > 1, we have h' (Fp,nKF,) = 0. Moreover,
pg(Fp) = 2.

In fact, for any integer n > 1, consider the exact sequence

0 — H°(Xo,nKx,) = H*(Xo,nKx, + F,) = H°(F,,nKp,)
(4.1) — H'(Xo,nKx,) = H (Xo,nKx, + F,) = H'(F,,nKp,)
— H*(Xo,nKx,).
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Now H'(X(,nKx,) vanishes for i = 1,2 when n =1 by | , Lemma 3.4]
and the Serre duality, and when n > 2 by the Kawamata-Viehweg vanishing
theorem. Thus we have h'(Xo,nKx, + Fp) = h'(F,,nKp,), and this does
not depend on p. Therefore, since hl(Fp, nKFr,) = 0 for a general I, which
is a canonical (1, 2)-surface, we have

h'(Xo,nKx, + Fp) = h' (Fp,nKp,) =0

for all F,. Moreover, all plurigenera h®(F,, nKp,) = h"(Xo,nKx, + F,) —
h%(Xo,nKx,) do not depend on p. We conclude that p,(F},) = 2.

With the above two claims, we now consider the half canonical ring
R(C,Kp,|c) == @, H°(C,dKF,|c) for a general element C € |Kp,|. By
Theorem 3.5, 2K x,, is Cartier, so is 2Kp,. By the adjunction, C' is a Goren-
stein curve. Note that wr,|c is a torsion free sheaf, not necessarily locally
free. Nevertheless, by Claim 2, we have h°(C, Kp,|c) = pg(F,)—1 =1, and
C is also integral by Claim 1. By | , Theorem 5.2], R(C,nKF,|c)
is generated by three elements of respective degree 1, 2 and 5 and related by
a single equation of degree 10. Then we further apply the proof of | ,
Theorem 3.3 (1)] verbatim to deduce that for any F),, the canonical ring
R(Fy, KF,) is generated by four elements of respective degree 1, 1, 2 and 5,
and they are related by a single equation of degree 10. As a result, mg is ex-
actly a regular simple fibration in (1, 2)-surfaces. Moreover, if py(X) > 23,
then we have X ~ X by Proposition 3.6. The proof is completed. O

Remark 4.3. One cannot hope to completely remove these assumptions in
Theorem 4.2, because X9 C P(1,1,1,1,5) is a threefold of general type
with p; = 4, K3 = 2 that is not birational to any simple fibration in (1, 2)-
surfaces. Its canonical map gives a double cover over P3.

Combining Theorem 2.4 and 4.2 together, we immediately have the fol-
lowing corollary.

Corollary 4.4. Suppose that X is a canonical threefold on the refined
Noether line with pg(X) > 5. Then there is a crepant birational morphism
Xo — X such that Xy admits a regular simple fibration in (1,2)-surfaces.
Moreover, if pg(X) > 23, then Xo ~ X.

5. SIMPLE FIBRATIONS AS HYPERSURFACES IN TORIC FOURFOLDS

Let f: X — P! be a simple fibration in (1,2)-surfaces with py(X) > 0.
Consider the relative canonical algebra

R= @ Rm = @ f*”@[@l
m>0 m>0

as a graded Opi-algebra. By | , Theorem 4.6], X is isomorphic to a
hypersurface of degree 10 in the P(1, 1,2, 5)-bundle F(X) := Proj R over PL.
Moreover, the fibration 7 : F(X) — P! admits two sections s and s5 such
that for every point of so (resp. s5), there is an analytic neighborhood on
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which F(X) is isomorphic to the product of a disk and a quotient singularity
of type 3(1,1,1) (resp. £(1,1,2)).

Note that R has a natural graded Opi-subalgebra Q locally generated by
1, R1 and Ra (see | , Definition 4.10]). Then Q(X) := ProjQ is a
P(1,1,2)-bundle over P!

Since the fibres of f are hypersurfaces of degree 10 in P(1,1,2,5), the
multiplication in R yields an exact sequence
(5.1) 0— Sym2 Rl — RQ — 52 — O,

where & is a line bundle. Since every vector bundle over P! is a direct sum
of line bundles, we may uniquely write

(5.2) R1 = Opi(dy)xo ® Op1(6 — do)x1,
with 2dy < 4, so that § = degR;. Set
do :=deg&, N :=3dy—20, d:=§—do,
e:=3d—2dy+ N =0 —2dy > 0.
By | , Theorem 2.7] and [ , Proposition 4.6] (py(X) > 0 implies

that h° (P!, R1 ® Op1(—2)) > 0 thus R; contains an ample line bundle), we
have

(5.3)

(5:4) dg >0, dy>1.
By | , Definition 4.18 and Proposition 4.21] and | , Lemma 3.4], N
is non-negative and
4 1 4 10 1
(55) K% = FX(wx) = 2x(Op1) + oN = 2pg(X) = = + ¢ N.

5.1. Simple fibrations with N < 4. We start from the following lemma.
Lemma 5.1. If N < 4, then the short exact sequence (5.1) splits.
Proof. By (5.2), we have
Sym? Ry = Op1(2do)xg © Op1 (6) 2021 © Op1 (28 — 2dg) 3,
and the exact sequence (5.1) gives a class in
(5.6) Ext'(&,Sym*Ri) ~ H' (P!, Sym* Ry ® &)
~ 0" (P, Op1(2dy — do))®H" (P', Op:1 (d))H" (P!, Op1 (26 — 2dg — do)) .

Since N <4 and e = 3d — 2dp + N > 0 by (5.3), we deduce from (5.4) that
d > [-3N] > —1. Thus the second and the third term in (5.6) vanish, and

(5.7) Ext! (&,Sym?Rq) ~ H' (P!, Op:1 (2dy — d»)) .

By [ , Lemma 4.11, Corollary 4.15 and 4.16 (1)], the inclusion Q@ — R
induces a double cover X — Q(X) whose branch divisor is given by a map
(5.8) Op1(26 + 2d2) = ((det £1) ® £)%? < Q.

Let Z be the graded ideal sheaf of Q locally generated by the direct
summand Op1 (6 — dp)z1 in Q1. Let T = Q/Z be the graded quotient
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Opi-algebra. Since the multiples of 21 in Rs are in the image of the map
Sym? R; — Ra, the exact sequence (5.1) fits into the following commutative

diagram

0—— Sym2 Rl RQ 52 0

0—— Sym2 Q1 Qs &9 0

0 — Sym?T; T2 & 0
Since T1 ~ Op1(dp), the exact sequence at the bottom is given by a class in
(5.9) Ext! (&, Sym? 77) ~ H' (P!, Op1(2do — d2)) .

Moreover, comparing with (5.7), the vertical maps connecting the top row
with the bottom row induce an isomorphism on the Ext!-groups. It follows
that the exact sequence (5.1) splits if and only if the exact sequence

(5.10) 0—=Sym?7 =T =& — 0

splits.

To conclude the proof, we assume by contradiction that (5.10) does not
split. Then by (5.9), we have 2dy < dy — 2. Write To = Opi(a) & Op1(b)
with @ + b = 2dy 4+ d2 and 2dyp < a < b < do. Thus the maximal degree of
a direct summand of 73 is do — 1. This implies that all direct summands of
Tio ~ Sym® T3 have degree at most 5dy — 5. Since (5dy — 5) — (20 + 2ds) =
N — 5 < —1, it follows that Hom (Op1 (20 4 2dz), Op1(5d2 — 5)) = 0, and
therefore

HOHI(O[Pl (25 + 2d2), 'T10) =0.

This implies that the image of the map (5.8) is in the ideal generated by
x1. As a result, the branch divisor of the double cover X — Q(X) contains
in particular the singular locus of Q(X), a section of Q(X) — P!. Then
X contains the section sy, contradicting [ , Proposition 4.9 (2)]. The
proof is completed. O

Theorem 5.2. If N < 4, then F(X) = C%//(C*)? is a toric fourfold with
the weight matriz

tg 1 o 1 Yy z
(5.11) 1 1 d—dy dy—2d— N —-N =-2N
0 0 1 1 2 5

and the irrelevant ideal (to,t1) N (zo,21,Y,2), where dy > 0. Moreover, X
is isomorphic to a divisor in F(X) of bidegree (—4N,10), and the defining
equation of X has the form

2 ap ,..a1,,a
(5.12) z° = g Cag,ar,as (to, t1) 2o 2] Y2,
ap+ai1+2a2=10
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where each Cqq a, a5 (to,t1) is a homogeneous polynomial of degree
1 1
(5.13) deg cag,a1,a0 = N + §(a0 +a1)d + 5((11 —ap)e.
Proof. Recall that X is isomorphic to a hypersurface of degree 10 in the
P(1,1,2,5)-bundle F(X) over P!. By Lemma 5.1, Ry = (Sym? Ry) ®&. By
[ , Proposition 4.14 and Corollary 4.16], we know that Rs = Q5 & &5,

where & = (det R1) ® & is a line bundle. Then by | , Example 3.16],
F(X) is a toric variety with the weight matrix

o t1 o x1 Yy z
(5.14) 1 1 —dy dy—06 —do —6—ds
0 0 1 1 2 )
and the irrelevant ideal (to,t1)N(x0, z1,y, z). Moreover, by | , Corollary

4.15], up to isomorphism, X € H° (F(X),OF(X)(10) ®7T*552), and it is
defined by an equation
2= Z bao,a1,a2 (t07t1)x80x?1ya27
ao+a1+2a2=10
where
deg bao,a1,a2 = —2d + apdy + a1 (5 - do) + asds.

It is easy to check that dy—d+d = dy—2d+ N, —ds+2d = — N, and that

—0 —dg+5d = —2N. We pass to the matrix (5.11) by adding in the matrix

(5.14) the second row multiplied by d to the first row. In the meantime, the
defining equation is also changed to the desired form as in (5.12), where

deg Cag,a1,a2 = —4N + aO(dO - d) + al(N + 2d — do) + aoN

1 1
=N+ 5(@0 +ay)d+ §(a1 —ap)(3d —2dy + N).

Here we use the fact that ao =5 — %(ag + a1). The proof is completed. O

Remark 5.3. The assumption that N > 4 in Theorem 5.2 is optimal, because
there exists a regular simple fibration X in (1,2)-surfaces with N = 5 that
is not a divisor in the toric fourfold with the weight matrix as in (5.11). See
Section 7.2.

5.2. Existence of simple fibrations of type (d, N;dy). In the follow-
ing, we denote by F(d, N;dy) the toric fourfold whose weight matrix and
irrelevant ideal are identical to those in Theorem 5.2. We use D, for the
torus-fixed divisor {p = 0} on F(d, N;dy), where p € {to,t1,z0,21,y, 2}
Let F be the divisor {top = 0} and let H = Dy, + (dg — d)F. Then the
classes of the torus invariant divisors in the class group of F(d, N;dy) are

Dy =Dy =F, Dy =H+(d—dy)F, Dy =H+ (dy—2d— N)F,
Dy,=2H—~NF, D,=5H—-2NF.!

1The notation here will be used in 86 as well.
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With this notation, the section so (resp. s5) of the fibration F(d, N;do) — P!
is just Dy, N Dy, N D, (resp. Dy, N Dy N Dy). Moreover, we will use the
further section so = D, N Dy, N D..

Definition 5.4. We say that a regular simple fibration X in (1, 2)-surfaces is
of type (d, N;dp), if it is isomorphic to a hypersurface of bidegree (—4N, 10)
in F(d, N;dp). Such an X will be denoted by X (d, N;dp) in the sequel.

By Theorem 5.2, X(d, N;dy) exists if and only if a general member in
the linear system [I0H — 4NF| has at worst canonical singularities. The
following proposition gives necessary and sufficient conditions on the triple
(d, N;dp) for the existence of X (d, N;dp).

Proposition 5.5. Suppose that d > 0. Then X(d, N;dy) exists if and only
if

(d+ N) < do < =(3d+ N).

N

1

4
A general X(d, N;dy) has N x $(1,1,1) singularities at isolated points on
59 and possibly has canonical singularities along sg.

Proof. A more detailed version of this Proposition is proved in Appendix
B. O

5.3. Canonical divisor of X (d, N;dy). For simplicity, we denote F(d, N; dp)
and X (d, N;dp) by F and X, respectively.

Lemma 5.6. We have

1 1
H3 F)=_—. H*'= _—_d+ _—_N.
( ) 10’ 10% ™ 100

Proof. Since Dy, N Dy, N Dy N D, is a reduced smooth point, we have
(Dyy - Dyy - Dy - D,) = 10(H? - F) = 1.
Thus (H?-F) = . On the other hand, since D, N D,, N D,N D, is empty,

— 10
we have
(Dgoy - Dy - Dy - D) = 10H* — (10d 4 19N)(H? - F) = 0.
Thus H* = %. The proof is completed. U

Now we describe the nef cone and the ample cone of F.

Lemma 5.7. The numerical divisor class aH + bF is
(1) nef if and only if a > 0 and b > a - max {d — dy, —%N}
(2) ample if and only if a >0 and b > a - max {d — dy, —%N}

Proof. By | , Theorem 6.3.12 and 6.3.13], aH 4+ bF is nef (resp. ample)
if and only if its intersection number with all toric invariant curves is non-
negative (resp. positive). Since toric invariant curves on [ are intersections
of three toric invariant divisors, we only need to check the positivity of all
((aH +bF) - D,, - D,, - D,,), where p; € {to,t1,z0,x1,y,2}. Moreover, it
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is sufficient to check the intersection numbers listed below, computed by
Lemma 5.6:

1
((aH +bF) - Dy, - Dyy - Day) = a(H? - F) = —a,

10
((aH +bF) - Dyy - Dy, - Dy) = 2aH* + (2b — 2ad — 3aN)(H? - F)
1, 2
=_-b+__N
57 a5 @

((aH +bF) - Dy - Dy, - D) = 5aH* 4 (5b — 5ad — 7TaN)(H? - F)
11
= §b+ ENCL,
((aH 4 bF) - Dy, - Dy - D) = 10aH* + (10b — 9aN + 10a(d — do)) (H? - F)
=b+a(N +d—dy),
((aH +bF) - Dy, - Dy - D,) = 10aH* + (10b — 19aN + 10a(dy — 2d)) (H? - F)

=b+ a(do — d)
Thus aH + bF is nef if and only if @ > 0 and b > a - max {d— do,—%N}.
The ampleness part follows similarly. U
By | , Proposition 1.1], we have wp = Op ((d+4N —2)F —9H).

Since X € |10H — 4N F|, the adjunction formula gives
Kx = (KIF‘FX)‘X = ((d— 2)F—|—H) ’)(.
We have the following propositions.

Proposition 5.8. Let ¥ be the canonical tmage of X.

(1) If dy > 3, then X is isomorphic to the Hirzebruch surface F;
(2) If dg = 2, then X is the cone over a rational normal curve of degree

e=3d—4+ N.
(3) If dy = 1, then X is a rational normal curve of degree e — 1 =
3d—3+ N.

In each case, we have py(X) =3d—2+ N.

Proof. Consider the short exact sequence
0 — Op(Kf) = Op(Kr+ X) - Ox(Kx) — 0.
Since H(F, Kp) = H'(F, Kr) = 0, it follows that
HY(X,Kx)=HF, Ky + X)=H°(F,(d — 2)F + H).
If dp > 2, then a basis for H(X, Kx) is given by the monomials in
t80 200, 1803 g, ..., 12y,
t3d72+N7d0x1’ tgd—3+N—dotlxh o 7t?d72+N7d0x1'

Thus X is mapped to the Hirzebruch surface F, by |Kx| if dy > 3. If dy = 2,
then zg is a basis element, and the negative curve on F. is contracted to
give a cone.
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If dy = 1, then there are no monomials involving xg, and the basis becomes
3d—3+N 3d—4+N 3d—3+N
tO + :Cl,to + tlxl,...,tl + X1.

Clearly, now ¥ is a rational normal curve of the desired degree.
From the above computation, we see that py(X) = 3d — 2 + N in each
case. The proof is completed. O

Proposition 5.9. The canonical divisor Kx is
(1) nef if min {do,d + %N} >2;
(2) ample if min {do, d+ %N} > 2.

Moreover, we have

K% =4d -6+ ;N.
Proof. By Lemma 5.7, Kx is the restriction of a nef divisor on F if d — 2 >
max{d — dy, —%N}. Separating the two inequalities, we get d —2 > d — d
which is equivalent to dyp > 2, and d — 2 > —%N which is equivalent to
d+ %N > 2. The ampleness part follows similarly.
By Lemma 5.6, we have

K3 = (((d —9)F + H)® - (10H — 4NF))
=10H" + (30(d — 2) — 4N) (H? - F)
—4d—6+ 2N,
2
The proof is completed. U

5.4. Classification of X (d, N;dy) with nef but non-ample canonical
classes. We still denote X (d, N;dy) by X. Suppose that d > 0. By Propo-
sition 5.5, when min {do, d+ %N} > 2, Kx is ample. Thus X is canonical.
When min {do, d+ %N} = 2, Kx is nef, but the canonical model of X is

a crepant contraction. In this case, X can be explicitly classified. In fact, if
do = 2, by Proposition 5.5, we have d + N < 8 and 3d + N > 4. Thus X is
one of the following three cases:

(1) X(0,N;2) for 5 < N <8§;

(2) X(1,N;2) for 3< N < T7;

(3) X(d,N;2) for2<d<8 0<N<8—d.
Ifd+ %N = 2, then there is only one extra case:

(4) X(2,0;3).
In each of the above cases, Kx is big, because Kg’( =4d — 6 + %N >0
by Proposition 5.9. On the other hand, Kx is never ample. Indeed, if
d+ %N > 2 and dy = 2, then the proof of Proposition 5.5 (see Appendix B)
shows that the section s = D, NDyN D, is contained in X. By the proof of
Lemma 5.7, we know that (Kx -s0) = 0. If d+ %N =2, then X = X(0,5;2),
X (2,0;2) or X(2,0;3). By | , Example 1.12], the canonical divisor of
X (2,0;3) is not ample. In the other two cases, by Theorem 5.2, we always
have degcio0,0 = 0. We may assume the defining equation of X is of the
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form 22 = 2%+ .. In particular, the curve I' = D,, N D, N D is contained

in X, where D is the divisor in F defined by the equation z = xg. Note that
now D, ~ 5D,,, which implies that D ~ 5D,,. By the proof of Lemma 5.7,
we know that (Kx - A) = 5(Kx -s5) = 0.

When min{do,d+ %N} < 2, Kx is no longer the restriction of a nef
divisor on F. We will classify those explicitly in §7.1. Nevertheless, the
following example shows that sometimes Kx is still nef.

Ezample 5.10. Consider the special hypersurface X9 in P(1,1,1,2,6) de-
fined by the following equation

2 _ (k1) k.l
¢t = g A" o (a1, a2)agh
k+20<10

of degree 12, where ag, a1, as, b, c are the coordinates and Agf’l) are general

homogeneous forms of degree indicated by the subscript. Then Ox,,(Kx,,) =
Ox,,(1). Thus py(X12) = 3 and K% = 1. Since the equation has degree
12, the right-hand side is contained in the ideal (a1, a2)?. The hypersurface
X12 has a pencil over P! given by (ag : a1 : ag : b: ¢) — (a1 : az), with the
base locus I' := {a; = a2 = ¢ = 0} C Xy2. It is easy to see that X5 has
Aj singularities along the curve I, with a non-isolated cA; C %(1, 1,1,0,0)
hyperquotient singularity at (0:0:0:1:0) on I.

Let X — X2 be the blow-up along I which is a crepant partial resolution.
Then X is quasi-smooth with two %(1, 1,1) singularities, Kx is nef, and the
induced fibration f: X — P! is a regular simple fibration in (1, 2)-surfaces.
Now by (5.5), N = 6 K% —8py(X)+20 = 2. By Theorem 5.2, X is isomorphic
to X(d,2;dy) for some d and dy. By Proposition 5.9, we deduce that d = 1.
Since that canonical image of X5 is P2, by Proposition 5.8, we have dy = 2.

Note that in this case, min {do,d—i- %N} =d+ %N = %, which is the
largest possible value that is less than two.

6. MODULI SPACES OF THREEFOLDS ON THE REFINED NOETHER LINE

In this section, we describe the moduli space of the canonical threefolds
X on the refined Noether line with py(X) > 5.

Given such a threefold X, by Corollary 4.4, up to a crepant birational
morphism, we may assume that X admits a regular simple fibration in (1, 2)-
surfaces. Set

N :=6K% — 8py(X) + 20.
Then N € {0,1,2}. By Theorem 5.2, X is isomorphic to X (d, N;dp) as in
Definition 5.4 for some d and dy > 0. By Proposition 5.9,

pg(X) =3d—2+ N.

Thus d > 3 when N =0, and d > 2 when N = 1,2. By Theorem 2.4, the
canonical dimension of X is two. Thus dy > 2 by Proposition 5.8.

For each N € {0,1,2}, let M% (do) denote the corresponding modular
family of hypersurfaces X (d, N;dpy) in F(d, N;dp). Then it is unirational.
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Let M, be the moduli space of canonical threefolds with p; = 3d—2+N
and K3 =4d — 6 + %. By Proposition 5.5, there is a non-trivial morphism

@Yy MY (do) = Mpges

when (d+ N) < dy < 3(3d+ N). By Proposition 5.9, if dg > 3, then
X (d, N;dp) is a canonical model, and <I>(]Z do 18 an isomorphism onto its image.
If dy = 2, then X (d, 0;dp) is not a canonical model in general. However, the
morphism onto its canonical model is crepant. By | , Main Theorem]
on the finiteness of minimal models for threefolds, each canonical model
admits only finitely many such morphisms. Thus tl)é\f o’ if not one-to-one, is
at least finite-to-one onto its image.

6.1. The dimension of M} (dy). From now on, we set AY(dy) for the
dimension of MY (dp). In the following, we adopt the notation for divisors
on F(d, N;dy) introduced in §5.2.

By Theorem 5.2, every X (d, N;dp) admits a finite morphism of degree 2
over D,, whose branch locus B is an element in H%(D,,10Hp, — 4NF,),
where Hp, = H|p, and F, = F|p,. The dimension of MX (do) is therefore
equal to the dimension of the family of pairs (D,, B), i.e

(6.1) AY(dg) = K°(D,,10Hp, — 4NF,) — dim Aut D, —
We first compute the dimension of the automorphism group of D,.
Lemma 6.1. The dimension of the automorphism group of D, is

3d + 10, if do = 1(3d + N);
dimAut D, = ¢6d —2dy +9+ N, ifd+ 3N <dy < 3(3d+ N);
8d —4do+8+ 2N, if 3(d+ N) <dy<d+iN.

Proof. By [ , §4] and the relations among D, and H in §5.2, we have
the formula
dim Aut D, = > h(D.,D,|p.) -2
pe{to,t1,z0,x1,y}
(6.2) =2h°(D,, F.) + h%(D., (d — do)F. + Hp,)

+h%(D,,(dy — 2d — N)F, + Hp_) + h°(D,,2Hp. — NF,) — 2.

It is easy to decompose these vector spaces in terms of monomials on D,
using the weight matrix (5.11) as follows:

HY(D,, F,) = S'(to, t1),
HO(D.,(d —do)F, + Hp,) = Cxg @ S3720 N (1 1 )ay,
HY(D.,(dy — 2d — N)F, +HDZ) G2do=3d=N (4 1) @ Cuxy,
HY(D,,2Hp, — NF,) = §20=24=N (1, )22 @ S%(to, t1)zoz1
@ S4d=2otN (1 11)22 @ Cy.
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It is clear that
(D, F,) =2.
For the second term, we have
RY(D,,(d — do)F, + Hp.) = 3d — 2dy + N + 2.
For the third term, we have
2, ifdy = 1(3d+ N);
hO(D,, (do — 2d — N)F, + Hp,) = ifdp = 3(3d+N)
1, otherwise.

Finally, we have

3d+4 if dy > d+ iN;
WD, 2Hp, — NF) = ¢ T% thdo = a5
5d — 2dg + 3+ N, otherwise.

In fact, note first that both d and 4d — 2dy + N are positive. If dy > d+ %N,
then

h(D,,2Hp, — NF,) = (2dg —2d — N + 1) + (d+ 1) + (4d — 2dp + N + 1) + 1
= 3d + 4.
If dg < d+ %N, then :1:(2) does not appear, and thus
h(D,,2Hp, — NF,) = (d+ 1)+ (4d — 2dp + N +1) + 1
=5d—2dy + N +3.

Combining the above computations with (6.2) together, we get the following
three cases:

(1) If dg = 5(3d + N), then
dimAutD, =2-2+2+2+ (3d+4) — 2 = 3d + 10.
(2) Ifd+ 1N <dy< 3(3d+ N), then
dimAutD, =2-24(3d—2dp+ N +2)+ 1+ (3d+4) —2

=6d — 2dg + 9+ N.

(3) If £(d+ N) <dyp <d+ iN, then

dimAut D, =2-2+ (3d —2dy + N +2) + 1+ (5d — 2dy + N + 3) — 2

=8d —4dg + 8 + 2N.
The proof is completed. O

Next we count parameters for the branch divisor B in D,, which is an
element of HY(D,,10Hp. — 4NF,) of the form

ap ,.a1,,a
E : Cao,a17a2(t03tl)m00$lly %
ap+a1+2a2=10

Each monomial z3°z{'y** contributes by adding 1 + deg cqq,a,,0, to the di-
mension h°(D,,10Hp, — 4NF,), unless deg cqy.a;.a, < 0, in which case the
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contribution is zero. The formula for the degree of each cqq.q, 4, (to,t1) is in
(5.13).

In the proof of Proposition 5.5 (see Appendix B), we see that the negativ-
ity of the degree of ¢4 4, 4, depends on some functions of dy, d, N. For fixed
d and N, we let dy decrease. As dy decreases, more and more monomials
disappear, because their coefficients have negative degree. We summarize
the results of this analysis in the following tables.

TABLE 1. Vanishing monomials when N = (

do  monomials with vanishing coefficient stratum

<d 20, afy, a§y?, xy?, iyt terminal
< %d 378901 CA1
< %d 93(7)951y CA3
< %d $8$1y2 CA4
< %d 517817% CDG

1 6,.2 3 3
< d ToT1Y, TpT1y cEg

TABLE 2. Vanishing monomials when N =1 and d > 3 or
when N =2and d > 6

do monomials with vanishing coefficient stratum

=d z’, 2y, T0y*, woy’ terminal

<d 333?/4 terminal
< %d + %N 5”89”1 CA1
< %d + %N xgxly cAs
<id+gN w§r1y? Ay
< %d + %N ng% CD6
<gd+iN waty cEr
< %d 55%3313/3 cEg

The last column reflects the type of singularities that the general X (d, N; dy)
has, when dj approaches the upper bound in the first column (see Appen-
dix B for details). When dy > X(d + N), all the other coefficients have
non-negative degrees. We treat the remaining cases that are not covered by
Tables 1 and 2 separately.
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Lemma 6.2. Suppose that N <1, d > 3 or that N =2, d > 6. Then the
vector space HY(D,,10Hp, — 4NF,) has dimension

125d + 36 4 36N, ifd<dy<3d+3iN ordy=d,N =0;
125d + 32 + 46N, if dy =d,N > 0;

155d — 30dg + 31 + 46N, if Ld+ 2N < dy < d;

162d — 38dp + 30 + 49N,  if 2d+ N < dy < fd+ 2N;

167d — 44dy + 29 + 51N, if 3d+ N < dy < 3d+ 3 N;

170d — 48dy + 28 + 52N,  if 2d+ 3N < dy < 3d+ LIN;

174d — 54do + 27+ 54N, if 3d+ 1N < do < 2d+ i N;

176d — 58dy + 26 + 55N,  if 3d < dy < 3d + IN;

177d — 60dg + 25 + 55N, if 2d+ 1N < dy < id.

Proof. We first observe that

(6.3) H'(D.,10Hp, —ANF.)= P  S98“0erer(tg, t))az]y™.
ap+a1+2a2=10

Ifd < dy < 3(3d+ N) or if d = dy and N = 0, then by Tables 1 and 2, all
the coefficients cq,q; 0, have non-negative degree. The number of monomials
is

5
> RO (P, Opi (10 — 2a)) = 114+ 9+ 7+5+ 3 + 1 = 36.
as=0
Thus
W(D.,10Hp, —4NF) = Y (1 +degcaparas)

ap+ai1+2a2=10

=36+ E deg cag,a1,az-
ap+ai1+2a2=10

Now we replace deg cqg,q1,0, With its expression in (5.13). By symmetry,
Z (al - CLO) = 07
ap+ai1+2a2=10
and then

1
Z deg cap,a1,a00 = Z (2(0,0 +ay)d+ N>

ap+ai1+2a2=10
5 10—2asg

= %Z(ao+a1)d+36N:dZa1+36N:dZ > a1 +36N

a2=0 a1=0

(340 )+ Q) () s

This concludes the proof of the case when d < dy or d = dg, N = 0.
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If dy = d, N > 0 then the monomials z}°, 2§y, z5y%, z3y> no longer
appear in the equation of the branch divisor. Thus

3
hO(D.,10Hp, — 4NF,) = 125d + 36 + 36N — > (1 + deg c10-2k,0,)
k=0
= 125d 4 36 + 36N — (4 — 10N)

= 125d + 32 + 46N.

If %d + %N < dp < d, then we lose the monomials z(°, 2§y, z8y?, z3y®
and also x%y4. Thus

4
hO(D.,10Hp, — 4NF;) = 125d + 36 + 36N — > (1 + deg c1o-2r,0)
k=0
= 125d + 36 4+ 36N — (54 30(dy — d) — 10N)

= 155d — 30dy + 31 + 46N.
If %d—k %N <dp < %d+ %N, then we also lose 3:83:1. Thus

h(D.,10Hp, — ANF,) = 155d — 30dg + 31 4+ 46N — (1 4 deg cg 1 0)
= 162d — 38dy + 30 + 49N.

If %d + %N <dp < %d + %N, then we also lose :ngly. Thus

h°(D.,10Hp, — 4NF,) = 162d — 38dy + 30 + 49N — (1 + degcr11)
= 167d — 44dy + 29 + 51N.

If %d + %N <dy < %d + iN, then we also lose x8x1y2. Thus

h(D,,10Hp, — ANF,) = 167d — 44dy + 29 + 51N — (1 4 deg 5.1 2)
= 170d — 48dg + 28 + 52N.

If %d + %N <dgy < %d + %N, then we also lose l‘gl‘%. Thus

h(D.,10Hp. — ANF,) = 170d — 48dg + 28 + 52N — (1 + deg cs.2,0)
= 174d — 54dy + 27 + 54N.

If 3d < dy < 3d+ 1N, then we also lose z§z?y. Thus

h(D.,10Hp, — ANF,) = 174d — 54dg + 27 + 54N — (1 4 degcs.2.1)
= 176d — 58dg + 26 + 55N.

If 1(d+ N) < dy < 1d, then we also lose z3z1y®. Thus

K (D,,10Hp, — ANF,) = 176d — 58dy + 26 + 55N — (1 4 deg 31 3)
= 177d — 60dg + 25 + 55N.

This concludes the proof. O
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Lemma 6.3. Suppose that N = 1 and d = 2. Then the vector space
HY(D,,10Hp, — 4F},) has dimension
322,  ifdy = 3;

h(D,,10Hp, — 4F,) =
( P ) {328, if do = 2.

Proof. Since dy < %d + %N = %, we have dy < 3. When dy = 3, all the

coefficients cgg,q,,4, have non-negative degree. By the same argument as in
the proof of Lemma 6.2 for N = 1, we have
hY(D.,10Hp, — 4F.) = 125d + 36 + 36 = 322.
When dy = 2, the monomials xéo, m%y, :Bgyz, :Eéy?’, l'(g)l'l do not appear in
the equation of the branch divisor. Hence we amend the result of Lemma
6.2 (N =1, dy = d) to compensate for the extra missing monomial xJz;:
hO(D,,10Hp, — 4F,) = 125d + 32 4 46 — (1 4 deg cg 1 o)
=125d + 32+ 46 — (1 4+ 8dy — 7d — 3N)
= 328.

The proof is completed. U

Lemma 6.4. Suppose that N =2 and d = 2,3,4 or 5. Then the dimension
of the vector space H*(D,,10Hp, —8F), as a function of dy are those given
in the following table.

TABLE 3. h%(D,,10Hp, — 8F,) for N = 2 and small d

d=2 d=3 d=4 d="5
dy RO dy RO dy RO do RO
3,4 358 4,5 483 5,6,7 608 6,7,8 733
2 378 3 501 4 625 5 749
2 549 3 669 4 790
2 724 3 843
2 900

Proof. The proof is similar to that of Lemma 6.2. We only give a sketch here.
If d < dy < $(3d+ N), then all the coefficients cqy,q,,0, have non-negative
degree. Thus we have

h(D.,10Hp, — 8F,) = 125d + 36 4+ 36N = 125d + 108.

If dy = d > 4, then the monomials m(l)o, :L‘%y, xSyQ, :Eéy?’, :L‘gxl no longer
appear in the equation of the branch divisor. Thus

h°(D,,10Hp, — 8F,) = 160d — 36dy + 31 + 49N = 124d + 129.

If dy = d < 3, then the monomial a:gxly also no longer appears in the
equation of the branch divisor. Thus

K(D,,10Hp, — 8F,) = 123d + 30 + 51N = 123d + 132.
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Now we are left with the cases with dy < d, for d = 3,4,5. We treat each
value of d separately.
Case d = 5. If dy = 4, then we also lose x%y4, xg:vly and xgmlyz. Thus

hY(D,,10Hp, — 8F,) = 170d — 48dy + 28 + 52N = 170d — 60.
If dy = 3, then we lose z§z?. Thus
hY(D,,10Hp, — 8F,) = 174d — 54dg + 27 + 54N = 174d — 27.
If dy = 2, then we also lose xgm%y and $8x1y3. Thus
hY(D,,10Hp, — 8F,) = 177d — 60dg + 25 + 55N = 177d + 15.
Case d = 4. If dy = 3, then we lose :U(%y"‘, :Egznly, wgmlyz and x%x%. Thus
hY(D,,10Hp, — 8F,) = 174d — 54dg + 27 + 54N = 174d — 27.
If dy = 2, then we also lose zgx%y. Thus
h%(D.,10Hp, — 8F,) = 176d — 58dg + 26 + 55N = 176d + 20.
Case d = 3. Then dy = 2, and we lose x3y4, :vgzrlyz and x%x%. Thus
h%(D.,10Hp, — 8F.) = 174d — 54dy + 27 + 54N = 174d + 27.
This concludes the proof. O

Using the dimensions of H°(D,,10Hp, — 4NF,) and Aut D, computed
by the preceding lemmas and the formula (6.1), we get

Proposition 6.5. Suppose that N < 1,d > 3 or that N =2, d > 6. Then
the modular family MY (dy) is unirational and its dimension AY (do) equals

(1224 + 25 + 36N, if do = 3d + LN;
119d + 2do + 26 + 35N, ifd < dy < 3d+ LN ordy=d,N = 0;
121d + 23 + 44N, if dy = d, N > 0

147d — 26dg + 22 + 44N, if 2d+ 3N < dy < d;
154d — 34dy + 21 + 47N, if 3d+ +N < dy < £d+ 2N;
159d — 40dy + 20 + 49N, if 3d+ 3N < dy < 3d+ 3N;
162d — 44do + 19+ 50N,  if 2d+ 3N < dy < 3d+ LIN;
166d — 50dg + 18 + 52N,  if 3d+ 1N < do < 2d + i N;
168d — 54do + 17+ 53N,  if 3d < dy < 3d+ IN;
| 169d — 56d + 16 + 53N, if jd+ {N < do < 1d.

Proposition 6.6. Suppose that N =1 and d = 2. Then the modular family
M (do) is unirational and has dimension

Al(dy) — 305, if do = 3;
309, if dy = 2.
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Proposition 6.7. Suppose that N =2 and d = 2,3,4 or 5. Then the mod-
ular family M]dv(do) 1s unirational and has dimension listed in the following
tables:

d=2 d=3 d=14 d=5

do A} (do) do AJ (do) do AJ (do) do AJ (do)
4 341 5 463 7 585 8 707
3 340 4 461 6 584 7 705
2 357 3 476 5 582 6 703
2 520 4 596 5 716
3 636 4 753
2 687 3 802
2 855

In the above propositions, dy is assumed to be an integer, but it is natural
to view Aév as a function in one real variable (see Figure 1 on page 37 for
an example). From this point of view, we have the following proposition.

Proposition 6.8. Suppose that N < 1,d > 3 or that N =2, d > 6. Then
there exists a piecewise linear real-valued function

1 1.3 1
AY: |2d+-N,2d+-N| ->R
d [4 Tttty ]
whose component linear functions are given in Proposition 6.5 such that

(i) the set of discontinuities of AL consists of the points dy = A\1d+A2N,
where the set of pairs (A1, \a) is

{@9)-G1) (53)- (1) (53) - (5) -3

(ii) Afiv 18 linear in each connected component of the domain of continu-
1ty;
(iii) for each integer do in the domain of AL, we have

dim MY (do) = A (dy).

Moreover,
(1) the restriction ofAéV to Ed, d} NN when N = 0, and to Ed + %N, d+ 1] N
N when N > 0, is strictly decreasing;
(2) the restriction ofA(JiV to [d, %d] NN when N = 0, and to [d +1, %d + %N]ﬂ
N when N > 0, is strictly increasing;

(3) we have
3 1 25d — 3+ 8N
AV (2a4 N} = Al (2472750
Vaeay) e (P

when N =0, or when N =1 andd > 5, or when N =2 and d > 13.

Proof. Statements (ii) and (iii) just follow from the definition of the function
Afiv. For (i), we only prove the case when N = 0 and leave the case N > 0
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to the interested reader. When N = 0, we do not need to consider Ao, and
the discontinuity result just follows from the table below:

A 12 3 5 17 1 3
1 2 3 4 6 8 2
AY(Mid) —lim,_y o~ AY(z) |2 1 1 1 1 4 -1

We emphasize here that both monotonicity statements (1) and (2) do not
concern the function Aév as a whole, but only its restriction to the natural
numbers. Indeed, such statements do not generalize to the whole function
Aflv , exactly because of the points of discontinuity. Again, we only prove
the case when N = 0 and leave the N > 0 case to the interested reader.

To prove (2), we only need to check the case when %d is an integer, i.e., d
is even. In this case, AY(3d) — AY(3d — 1) = 1. Thus the statement follows.

To prove (1), note that from the definition, the slope of AY is at least —26
for dy < d. Thus using the above discontinuity table, for any x € R with
%d <z-—1<z<d, we always have

AY(x—1)—AY(x) >26— (2+1+1+1+1+4)=16.
Hence statement (1) follows.

Finally, we prove (3). Indeed, when N = 0, we have %d < 252dg 3 < d.

Thus

25d — 3 25d — 3
A5V< T >:147d—26- g T 22=122d+25.

When N =1 and d > 5 or when N = 2 and d > 13, we have 24388 g,
Thus, as §d + §N < 2AZEN

3 )
25d — 3+ 8N 25d — 3+ 8N
AY DEZOTONY _yrd - 26 20T L g9 p N
26 26
= 122d + 25 + 36N.
The proof is completed. O

6.2. The moduli space M K3.pge We can now prove the description of the
moduli space of threefolds on the refined Noether line with p, > 5.

Write V.V (do) = (I)il\,]do (M% (dp)). Since (I)z]i\,[do is always finite-to-one, we
have dim V¥ (do) = A (dp). Recall that d is a deformation invariant, so if
the closures of V¥ (dg) and V' (d})) intersect, then d = d'.

We have the following theorem when N = 0.

Theorem 6.9. For each d > 3, the moduli space MK?’,pg of the canonical
threefolds with p; = 3d — 2 and K® = 4d — 6 stratifies as the disjoint union
of the unirational strata Vc?(do), where dyp € N and max {%d, 2} <dp < %d.
Moreover,

5 1s dense in an irreducible component o K3 -

1) V9 (|3d]) is d ducibl f My,

(2) Ifdo > d, then V,)(do) is contained in the closure of V) (|3d]).

(3) If do < 2551(;3, then V)(do) is dense in an irreducible component of

M

’pg ‘
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Proof. Since dy > 2, the unirational subvarieties V(do) stratify M K3,py-
Part (1) is | , Proposition 2.2]. Part (2) has been proved in | ,
Proposition 2.2 and 2.4] borrowing a technique from | ].

It remains to prove (3). Arguing by contradiction, we assume the exis-
tence of an integer dy < 25517673 such that V2(dy) is contained in the closure
of VP(dy) for some dy # dp. In other words, for each X = X(d,0;dp) we
have a flat family X — A over a small open disc A with central fibre X and
general fibre of type (d,0; dj)).

We claim that dj, > dy. In fact, by Proposition 5.8, the canonical image
of X is birationally a Hirzebruch surface F34_24,. It follows that the relative
canonical sheaf wy,, induces a rational map X'/A --+ F/A, where F/A is
a flat family of Hirzebruch surfaces, with central fibre isomorphic to F34_24,
and general fibre isomorphic to F3d—2d6' This implies that dj > dp.

On the other hand, if V(dy) is contained in the closure of V)(dj), then
AY(do) < AY(dfy), which by Proposition 6.8 implies d{, < do, a contradiction.
This completes the proof. O

We have the following theorem when N = 1.

Theorem 6.10. For each d > 2, the moduli space Ms ,, ~ of the canonical
threefolds with p; = 3d — 1 and K® = 4d — 6 + é stratifies as the disjoint
union of the unirational strata V,} (do), where dy € N and max {3d + 1,2} <
dy < %d + % Moreover,

(1) V} (|3d+3]) is dense in an irreducible component of My, -

(2) Ifdo > d+1, then V,} (do) is contained in the closure of V;} (|3d +1]).

(3) If d > 6 and dy < 253%5 or if dy < d < 6, then V}(dy) is dense in

an irreducible component of My, .

Proof. The proofs of Part (1) and (2) are identical to those of Theorem 6.9.
For (3), if d > 6, using Proposition 6.8, we may apply the same argument
in the proof of Theorem 6.9 here. If dy < d < 6, by Proposition 6.8 for
d > 3 and Proposition 6.6 for d = 2, we always have AL(dp) > Al(d) >
A}j (L%d + %J) Thus the proof of Theorem 6.9 also applies here. O

The same argument gives the following theorem when N = 2.

Theorem 6.11. For each d > 2, the moduli space Mgs , of the canonical
threefolds with py = 3d and K3 = 4d—3 stratifies as the disjoint union of the
unirational strata VdQ(do), where dy € N and max {%d + %, 2} <dp < %d—i—l.
Moreover,

(1) v2 (L%dJ + 1) is dense in an irreducible component of Mcs p, -

(2) Ifdo > d+1, then V2 (dy) is contained in the closure of Vi (|3d| + 1).

(3) If d > 14 and dy < 224 or if dy < d < 14, then V}(do) is dense

in an irreducible component of Mg . .

Now we are ready to prove the main theorems of the paper.
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Proof of Theorem 1.1. Let Mgs , be the coarse moduli space parameteriz-
ing all canonical threefolds on the refined Noether line with geometric genus
pg > 13. Write N = 6K —8p,+20 € {0,1,2}. Then d = (py;+2—N) > 5.

By Theorem 6.9 for N = 0 as well as Theorem 6.10 and 6.11 for N = 1,2,
when N = 0 (resp. N = 1,2), all X(d, N;dp) with dy > d (resp. dy >
d + 1) are in a single irreducible component, while the others may each be
a different component. Note that all possible irreducible components are
unirational.

Thus when N = 0 (resp. N = 1,2), an upper bound for the number
Vp, of irreducible components of Mgz, is given by the number of integers

between % and d (resp. %+ % and d+1). This number is [2d + 1| = L%J
it N =0, [Jd+ 7] = |22 it N=1,and [Ja+ 3| = |20 it N =2
Similarly, a lower bound of v, is obtained by removing all integers lying in

the interval (2556_3, d) when N = 0, (resp. (w, d+1) when N =1,2).

To sum up,

i 7d
LN ke 7B S
o if N=2 then [3d+ 3] — |%32] <, < [3d+ 3
Thus Theorem 1.1 (1) and (2) are proved.
To prove the dimension formula, note that by Proposition 6.8 and Propo-
sition 6.7 for N = 2 and d = 5, the stratum V}¥(dy) with the maximal
dimension is the one with dy = {#1. Thus

d+ N
dim My ), = 169d — 56 {ZW +16 + 53N.

The proof is completed. O

Proof of Theorem 1.2. Let Ms , be the coarse moduli space parameteriz-
ing all canonical threefolds on the refined Noether line with geometric genus
5< pg <12. Let N = 6K3—8py+20 € {0,1,2}. Thend = %(py+2—N) < 4.

Let v, denote the number of irreducible components of Mgz, . It N =0,
by Theorem 6.9, v, = d —2. If N =1 or 2, by Theorem 6.10 or 6.11, we
always have v, = d — 1. Thus Theorem 1.2 (1) is proved.

For the dimension of each irreducible component, if N = 0, then d = 3, 4,
and the irreducible components of the corresponding moduli space M K3.pg
are V(2), ---, V)(d — 1) and V,} (|3d|), whose dimensions are computed
in Proposition 6.5. If N = 1, then d = 2,3,4, and the irreducible com-
ponents of the corresponding moduli space My, —are Vd1(2), .. .,le(d)
and le (L%d + %J), whose dimensions are computed in Proposition 6.6 and
6.5. If N =2, then d = 2, 3,4, and the irreducible components of the cor-
responding moduli space M, ~are Vd2(2), e ,VdQ(d) and Vd2 (L%dJ + 1),
whose dimensions are computed in Proposition 6.7. Thus Theorem 1.2 (2)
is proved. O
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Remark 6.12. Though the moduli space of canonical surfaces on the Noether
line (i.e., K? = 2p, — 4) has at most two irreducible components, recently
Rana and Rollenske [ | studied the moduli space of stable surfaces of
general type on the Noether line, also obtaining several components.

0
A24
cEg
cDg
cAs
\/terminal
CAl/\ ,,,,,,,,,,,,,
|
|
|
I
!
not smoothable : ? nonsingular
~ do
1 12 3 577 4 3 d
4 2 3 4 68 2

9

26

3

FIGURE 1. Dimension of modular families for d =24, N =0

6.3. Final remark about the strata. The statement of Theorem 6.9 does
not say anything about the strata V,)(dy) with 2536_3 < dy < d, and there

are LdTJ“GQJ = V%'SJ of them. For these strata, the argument in the proof of

Theorem 6.9 leaves two possibilities: either V(dp) is dense in an irreducible
component of M, or V9(dy) is contained in the closure of V) (L%dJ)

For numerical reasons, there is no such stratum when p, < 69. The case
when p, = 70 (thus K3 = 90 and d = 24) is the first case in which we cannot
decide if a certain stratum is dense in an irreducible component or not. As
an illustration, the dimensions AY,(dp) of the relevant strata Vi (dg) of the
moduli space Mg 7o are given in Figure 1.

In this case, we do not know whether VQQL(QS), which has dimension 2952,
is dense in an irreducible component of Mgg 79, or lies in the boundary of
V34 (36) whose dimension is 2953.

Note that similar phenomena occur for the strata V(dp) with %g“r’ <
do < d and the strata V7(do) with 2413 < 4, < d.
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7. (NON-) SIMPLE FIBRATIONS IN (1, 2)-SURFACES: MORE EXAMPLES

In this section, we give more examples of simple and non-simple fibrations
in (1, 2)-surfaces. For simple fibrations, we will adopt the notation in §5.

7.1. Simple fibrations with Kx not nef. Here we give a complete list of
regular simple fibrations X = X (d, N;dp) with d > 0 whose canonical class
is not nef.

Given such an X, by Proposition 5.9, we may assume that min{dy, d +
2N} < 2. By Proposition 5.5, 3(d + N) < dy < 3(3d + N). Thus d < 4,
and we list all possibilities below:

X (0,0;0)", X(0,2;1)*, X(0,3;1)*, X(0,4;1), X(
X(1,0; )", X(1,1;1), X(1,1;2)", X(1,2;1), X(1,2; 2)T, X(1,3;1);
X(2,0;1), X(2,1;1), X(2,2:1);

X(3,0:1), X(3,1;1);
X(4,0;1).

=
s
\V)
~
*

The ones which are not of general type are marked with an asterisk®, and
X (1,2;2) is marked with a dagger’ because it has nef Kx (see Example
5.10). The other ten are all X(d, N;dy) of general type with Kx not nef,
because they all contain the curve sy and (K x-s59) < 0. We list the properties
of the canonical model of each example in Table 4.

TABLE 4. X (d,N;dp) of general type with Kx not nef

X(d,N;do) py(X) Po(X) K% Singularities of Xcan
X(0,4;1) 2 5 3 7x $(1,1,1)
X(1,1;1) 2 4 3 2% 3(1,1,1), 3(1,2,2)
X(1,2;1) 3 8 2 4% 3(1,1,1), £(1,2,2)
X(1,3;1) 4 12 8 4 x uJJ)2x§uﬂﬂ)
X(2,0;1) 4 11 9 2x 1(1,1,1), 1(1,3,3)
X(2,1;1) 5 15 1 $(1,1,1), £(1,2,2), £(2,3,4)
X(2,2;1) 6 19 o 3xa,,) $(1,2,2), (1,3,3)
X(3,0;1) 7 22 8 $(1,1,1), 1(3,4,6)
X(3,1;1) 8 26 2l $(1,1,1), 1(1,3,3), £(2,3,4)
X (4,0;1) 10 33 3 aLLUaaLZ%adL%Q

Among the ten examples, the three with N = 0 have appeared in [ ,
Proposition 6.1]. We briefly explain the strategy of the calculation via the
example X (3,1;1). After a crepant blow-up, X (3,1;1) has a curve of cFEg
singularities along sg. This curve is K x-negative, and there is a non-terminal
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flip X --» X' which contracts s9. The extracted curve sg is a cuspidal

rational curve, and X has a %(2,3,4) singularity at the cusp, as well as
a %(1, 3,3) singularity at another point of s. Then K+ is ample so X
is the canonical model. To compute K ;’ﬁ, we combine the Riemann—Roch
formula of (3.9) for Py(X) with Py(X) = h%(X,2H + 2F) = 26 to get:

1-1 3-1 2-3) 151

4 s 10 /) 20°

The case X (1, 1; 1) is extra-special, because K x+ is not ample after the flip

Ky :2<26+3(1—8)—

X --» XT. The canonical model is obtained from a divisorial contraction
Xt — X%Q, where X%Q is a general hypersurface X4 C P(1,1,2,3,8)
with K3 = %, pg = 2 and singularities 2 x %(17 1,1), %(1,2,2). Conversely,
given a general X%,zv the (1,2,2)-weighted blowup of the %(1,2,2) point
gives X*. Thus every X 1o birationally admits a fibration in (1, 2)-surfaces

induced by the canonical pencil. Indeed, a computation shows that A% (1) =
204 — 14 — 1 = 189. This agrees with the dimension of the moduli space
M , computed in [ ]

Note that [ , Theorem 4.7] shows that the volume of a threefold of
general type with p, = 6 and the canonical dimension one is at least %.
The example X (2,2;1) here shows that this bound is optimal (see | ,
Remark 4.8]).

7.2. Simple fibrations whose associated fourfold is not toric. Here
we show that the assumption on N in Theorem 5.2 is optimal, by exhibiting a
regular simple fibration in (1, 2)-surfaces with N = 5 which is not isomorphic
to a divisor in a toric fourfold.

Let F be the toric fivefold with the weight matrix

to t1 ro X1 Yo Y1 z
1 1 -1 —a -3 —4 -10
0 0 1 1 2 2 5

where a > 7 and the irrelevant ideal (to,t1) N (2o, 21, Y0,Yy1,2). Then F is a
P(1,1,2,2,5)-bundle over P!

We are interested in a general complete intersection X in F defined by
two equations of bidegree (—2,2) and (—20, 10), respectively. For simplicity,
suppose that X is general among those with equations of the form
(7.1) toy1 — tiyo = exf + e11(to, t1)Tom1 + eo2(to, t1)a,

. 2* = fa—r(to,t1)zox1yg + U5 + g10a—20(to, t1)x1’,
where e is a constant (later we assume that e # 0), and e; ;(to,t1) are
homogeneous of degrees

degem =a— 1, deg €02 = 2a — 2.

We claim that f: X — P! is a regular simple fibration in (1,2)-surfaces.
Indeed, over the open chart Uy = {tg # 0} of P!, the corresponding chart of
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[F is isomorphic to Uy x P(1,1,2,2,5) with coordinates
t'=ti/to, xp=rtowo, @\ =tiz1, yo="toyo, wi=rtoy, 2 =13’z
On this chart, the equations reduce to
yh = 'y + exg + ey ()zpa’ + eoa ()
2% = f(t)zpatyy + oy +g(t)at”

Thus we can use the first equation to eliminate yj and get a hypersurface in
Uy x P(1,1,2,5) with equation

2% = f()apaiy + (Eyg + ead + €1 (g + eop(t)2 )’ + g(t)al”.
This is a simple fibration over Uy. Indeed, one can check that the only
singularity is at the point (0;0,0,1,0) on the fibre over ¢’ = 0. This is a ter-

minal hyperquotient singularity of type cA4/(Z/2) which has local analytic
equation

1
(2" = xhal +1°) C 5(1,1,1,0).

This singularity has a local QQ-smoothing to five quotient singularities of type
%(1, 1,1). A similar computation shows that the other chart is also a simple
fibration, and that X has no further singularities there.

We will now see that this example shows that the inequality N < 4 in
Theorem 5.2 is sharp, as in this case N = 5 and the associated fourfold
F(X) is not of the form F(d, N;dp).

Let D, be the torus invariant divisor {zo = 0} on F. Let F' be a fibre
of f. Set H = D,, + F. By a similar calculation as in §5.3, we know that

Kx = ((a—6)F + H) |x. Moreover, we have
29
py(X)=3a—9, K% =4a— 5

Thus by (5.5), N = 6 K% —8p,(X)+20 = 5. From another point of view, we
have explained above that X has the equivalent of 5 x %(1, 1,1) singularities.
To show that F(X) is not of the form F(d, N;dp), reversing the argument
at the beginning of the proof of Theorem 5.2, by [ , Example 3.16], it
is enough to show that the exact sequence (5.1) does not split.
We then compute

Ri1= f*wx/pl =Opi(a—3) 20® Op1(2a —4) - x1,
R = fuwigyp = (Sym? Ry @ Opi (20— 5) - yo © Op1 (2a — 4) - 1) /T

where J = Op1 (2a—6) . (tgyl —t1Y0— (6.723 + 61,1(t0, tl)xoazl + 60’2(t0, tl)x%))
Therefore

Ey = R/ Sym? Ry = (Op1(2a — 5) ® Op1(2a — 4))/(t1, —t3) = Op1(2a — 3).
The exact sequence (5.1) for f becomes

0— Sym?R; = Ry = E = Op1(2a — 3) = 0
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where the cokernel & = Op1(2a — 3) is generated by y = yo/t3 = y1/t1.
Dividing out by the graded ideal generated by Opi(2a —4)z as in the proof
of Lemma 5.1 gives the simplified exact sequence

0—=Sym?*T1 -T2 =& — 0

where Sym? 77 = Op1(2a — 6) - 23 and T3 has the following presentation as
the cokernel of the map ¢ = (e, t1, —t(z)):

0 — Op1(2a — 6) 2 Op1(2a — 6) © Op1(2a — 5) ® Op1(2a — 4) — Ts.

Hence if e # 0 then 72 = Op1(2a — 5) & Op1(2a — 4) and then the map
To — E = Op1(2a — 3) cannot have a right inverse (if e = 0 the right inverse
do in fact exist).

Therefore, if e # 0 then also the exact sequence (5.1) does not split, which
implies that X is not a divisor in a toric variety of the form F(d, N;dy).

Remark 7.1. There are families of non-toric simple fibrations for every N >
6. In these cases, the threefolds can be constructed with /N distinct %(1, 1,1)
singularities instead of a cA/(Z/2) singularity. We do not know if it is
possible to avoid the hyperquotient singularity when N = 5.

7.3. Fibrations in (1,2)-surfaces of index three. Here we use a similar
toric method to produce a sequence of canonical threefolds of index three
close to the Noether line that are fibred in (1, 2)-surfaces. This answers a
question posed to the third author by Jungkai Chen.

Choose an integer a > 1 and define F = F(a) to be the toric fivefold with
weight matrix

to i i) r1r Yy u
(7.2) 1 1 —-a —a 0 -1 0

0 0 1 1 2 3 5
and irrelevant ideal I = (to,t1) N (zg, z1,Yy,u, 2). Then F admits a natural
fibration f : F — P! by the projection to the first two coordinates.

Let D,, be the torus invariant divisor {zg = 0} on F. Let F' be a fibre of
f. Set H = D,,+aF. Then each of the coordinates p € {to,t1, 0, x1,y,u, 2}
corresponds to a torus invariant irreducible Weil divisor D, in F whose class
is as follows:

Dtothlea DzO:Da;l:H—CLF,
D,=2H, D,=3H—-F, D,=5H.

Note that D, N D, N D, is a Hirzebruch surface Fy.
Proposition 7.2. We have wp = Op(—12H + (2a — 1)F).

Proof. We have [Ky] = —[Dy, + Dy, + Dyy + Dz + Dy + D;| by | ,
Thm 8.2.3]. 0
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Lemma 7.3. The intersection numbers on F(a) are
1 75— 6a + 1'

(H4'F):77
30 90

Proof. Since the intersection Dy, N Dy, N D, N D, N D, is a reduced smooth
point, we have

(Dt - Dyy - Dy - Dy - D) = 30(H* - F) = 1.
Similarly, since Dy, N Dy, N Dy N D, N D, is empty, we have

(Dyo * Day - Dy - Dy, - D;) = 30H? — 10(6a + 1)(H* - F) = 0.

Rearranging and substituting H4F = % gives H® = %. U

Let X C F(a) be a general complete intersection of two divisors whose
respective classes are 3H and 10H. By Bertini’s theorem, X is quasi-smooth.

Proposition 7.4. The threefold X has a unique singular point p, a cyclic
quotient singularity of type %(1, 2,2). Moreover, X is a canonical threefold
of index three with

4 8

pg(X) = Ga, K;’( = gpg(X) )

Proof. Since the two divisors are general, we may assume that their respec-
tive equations are, up to a coordinate change,
tou+ ..., 22+ 5 + as(to, t1)zoud + . . ..

Then it is clear that X intersects the singular locus of F just at the point
to =29 =21 =y = z =0. Thus X has a unique singular point. Using the
above few monomials from the equations, since a3 is general, the singularity
is of type %(1, 2,2). It follows that the index of X is three.

By the adjunction, Kx ~ (H + (2a — 1)F)|x, which implies py(X) = 6a.
In fact, a basis of H°(X, Ky) is given by the monomials tgti’a_l_daﬂj. By
Lemma 7.3, we have

K% = ((3H) - (10H) - (H + (20— 1)F)*) = 30 (H® + 3(2a — 1)(H" - F))

.o f(6a+1 32a—-1)\ _ 8
_30< TR )—Sa 5

It is easy to check the ampleness of Kx for a > 1 by the same method used

in Lemma 5.7. (]

Consider the induced fibration fy := f|x: X — P!. Then the general
fibre Fy is a (3,10)-complete intersection in the weighted projective space
P(1,1,2,3,5), where the equation of degree 3 may be used to eliminate the
variable of degree 3. Thus Fj is a canonical (1,2)-surface. However, fy is
not a simple fibration. Otherwise, by Proposition 7.4, it would be a simple
fibration with N = 4, and the residue class of p,(X) would be 2 modulo 3.
A contradiction.

In fact, we have the following more general result about the uniqueness
of fibrations in (1, 2)-surfaces:
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Proposition 7.5. Let X be a threefold with canonical singularities and
pg(X) > 5. Suppose further that fo: X — P! is a fibration in (1,2)-surfaces
in its relative canonical model. If m: X1 — X is any birational morphism
such that X1 is smooth and admits a fibration f1: X1 — P in (1,2)-surfaces,
then fi = foom.

Proof. Let Fi be a general fibre of fi. Given any integer n, by tensoring the
adjunction short exact sequence with Ox, ((1 — n)F}), we get

0— Ox,(Kx, —nF1) = Ox,(Kx, + (1 —=n)F;) - Op,(KFr,) — 0.
Taking the long exact sequence, we obtain
(X, Kx, —nF1) > h%(X, Kx, + (1 —n)F1) — py(FY).
Combining the two inequalities for n = 1 and 2 gives
WO(X1, Kx, = 2F1) > pg(X1) — 2py(F1) > 1.

Thus h°(X, Kx — 2m 1) > 1 and Kx — 2w, F} is effective.

Since the general fibre Fy of fy is Gorenstein, we know that Kp, is an
ample Cartier divisor. Restricting to Fj and intersecting with Kp, gives
KFO . (KX|F0 —27T*F1’F0) Z 0. It follows that 1 = K%O Z 2 (KFO . (7T*F1)|F0).
We deduce that (Fy-mF1) = 0 as 1-cycles, which implies that f; = foor. O

By Proposition 7.5, any fibration in (1,2)-surfaces over P! from a bi-
rational model of X, has X as the relative canonical model. Thus the
threefolds constructed in Proposition 7.4 do not admit simple fibrations in
(1,2)-surfaces, even birationally. In particular, this shows that Conjecture
1.3 fails for any € > %

APPENDIX A. ON THE EXISTENCE OF FIBRATIONS IN (1,2)-SURFACES

The main purpose in this appendix is to show that threefolds on the
refined Noether line with p, > 5 birationally admit a fibration in (1,2)-
surfaces, which extends [ , Proposition 2.1 and 4.6] to the general case.

Lemma A.1. Let X be a minimal threefold of general type satisfying one
of the following conditions:

(1) py(X) =5 and K% < %;

(2) pg(X) =6 and K3 < 4.

Then the canonical image ¥ C PPo(X

=1 of X is a non-degenerate surface of
degree py(X) — 2. Moreover, there exists a minimal threefold X1 birational
to X such that X1 admits a fibration f : X1 — P! with general fibre Fy a
(1,2)-surface.

Proof. Suppose that X satisfies one of the above conditions. By | ,
Theorem 2.4] and | , Theorem 4.6], the canonical image ¥ of X is a
surface. Since ¥ C PPs(X)~1 is non-degenerate, we have deg ™ > p,(X) — 2.

The proof in the following is very similar to that of | , Proposition
2.1]. However, for the reader’s convenience, we present the proof in detail.
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Take a birational modification 7 : X’ — X such that X’ is smooth projective
and |M| = Mov||7n*Kx || is base point free. Denote by ¢y : X' — X the

T

morphism induced by |M|. Let X’ % 5 7 S be the Stein factorization of
¢um- Denote by C a general fibre of ¢. By | , Theorem 4.1], C'is a
smooth curve of genus 2.

Let S € |M| be a general member. By Bertini’s theorem, S is a smooth
surface of general type and we have

M|SEdC,

where d = (deg 7) - (deg X). Denote by o : S — Sy the contraction onto its
minimal model.

Step 1. In this step, we prove that (7*Kx - C) > 1, deg¥ = py(X) — 2
and degT = 1.

Note that we have Kg > 2M|g = 2dC. In particular, S cannot be a (1, 2)-

surface. By | , Lemma 2.4], we have (6¢*Kg, - C') > 2. By | ,
Corollary 2.3|, 2n*Kx|g — 0*Kg, is Q-effective. Thus (7*Kx - C) > 1.
By the same argument as in the proof of | , Theorem 4.2], we have
2(2d -1
K3 > (r*Kx|s)? > <3)

If pg(X) = 5, then the assumption (1) implies that d < 3. On the other
hand, d > deg > 3. It follows that deg7 = 1 and deg> = d = 3. If
pg(X) = 6, by the assumption (2), we deduce similarly that deg7 =1 and
deg¥ =d =4.

Step 2. In this step, we prove that ¥ cannot be a Veronese surface.

Suppose that ¥ C PP9(X)~1 ig a Veronese surface. Then the only possi-
bility is that p,(X) = 6, & = P?, and the embedding X C P® is induced by
the linear system |2H|, where H is a line on P2

Let Sy € ¢¥*|H| be a general member. By Bertini’s theorem again, Sy is
a smooth surface of general type. Denote by o : Sy — Su o the contraction
onto its minimal model. Note that we have 7* K x > 2S5g. By the adjunction
formula, we have

Kg, = (KX’ +SH)‘SH > 35H|SH = 3C.

Thus Sy cannot be a (1,2)-surface. By | , Lemma 2.4], again we have
(05 Ksy,-C) > 2. By | , Corollary 2.3] (take A = %, D = Kx and
S = Su), we have 7" Kx|g, > %UEKSH,O- It follows that (7*Kx - C) > %.
We deduce that

* 16 61
K% 2 (rKx)ls)® 2 ((FKx)ls - Sls) = d(x Kx - C) 2 5 > 1.
which is a contradiction.
Step 3. In this step, we construct a relatively minimal fibration from a

birational model of X to P!.
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By | , §10], Step 1 and Step 2, there is a Hirzebruch surface F, for
some e > 0 and a morphism

r:Fo — PPa(X)—1

induced by the linear system |s + (e + k)1| such that ¥ = r(F.). Here l is a
ruling of the natural fibration p : F. — P!, s is a section of p with s = —e,
and k € Z>g such that deg¥ = e 4 2k. In particular, ¥ is normal. Thus 7
is an isomorphism.

Replacing X’ by its birational modification, we may assume that there is
a surjective morphism ¢ : X’ — . such that ¢ = r o . Thus we obtain a
fibration

fli=poyp: X' 5 F, - P!
with a general fibre F/ = ¢*1. Let ¢ : X’ --» X; be the contraction of X’
onto its relative minimal model X; over P!. Up to a birational modification,
we may assume that ¢ is a morphism. Then we obtain a relatively minimal
fibration
f1 : X1 — ]P)l

with a general fibre Fy. Here p := (|p : F/ — F is just the contraction
onto the minimal model of F”.

Step 4. In this step, we prove that Fj is a (1, 2)-surface.

By Step 1 and the assumption that p,(X) > 5, we deduce that e +
k> %degE = %pg(X) -1> %, ie., e+ k > 2. Also recall that M =
©*(s + (e + k)1). Thus 7*Kx — 2F" > 0. By | , Corollary 2.3],
3(r*Kx)|p — p*Kp, is Q-effective. On the other hand, by the assumption
and Step 1, we always have Ki < %d. Note that

K} > d((r"Kx)-O).
It follows that
* 3 *
(W"Kp)-C) < 5 (T Kx)lp - C) <2

By [ , Lemma 2.4], we conclude that F} is a (1, 2)-surface.
Step 5. In this step, we show that X7 is minimal. By [ , Lemma
3.2, (2) & (3)], it suffices to show that

(T Kx)|p = (C"Kx,)|p = " Kp, -
The second equality holds by the adjunction. Thus it reduces to show that
(M Kx )| = 1" K.

By considering the Zariski decomposition of K, we deduce that p*(Kp, ) —
7 Kx|p is an effective Q-divisor. Thus we have

1= K%l > (,u,*.KVF1 . (W*Kx)|pl) > (W*Kx|px)2.
By Step 1, we have
(7*Kx)|pr - Slpr) = (n*Kx - C) > 1.
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Thus all the above inequalities become equalities. By the Hodge index
theorem, we have

(r* Kx)|i = u* K,
Thus the proof is completed. O

Theorem A.2. Let X be a minimal threefold of general type with py(X) > 5
and on the refined Noether line. Then the canonical image ¥ of X is a

surface. Moreover, there exists a minimal threefold X, birational to X such
that X1 admits a fibration f : X1 — P! with general fibre Fy a (1,2)-surface.

Proof. First, by [ , Theorem 2.4], we have dim¥ < 2. If p,(X) > 11,
then dim ¥ = 2 by | , Proposition 4.6]. If 5 < p,(X) < 10, then dim ¥ =
2 by | , Theorem 4.4 and Theorem 4.5] and | , Theorem 4.6].
Therefore, X is a surface.

The existence of the fibration structure is guaranteed by [ , Propo-
sition 2.1] when py(X) > 7, and by Lemma A.1 when py(X) = 5,6. The
proof is completed. O

APPENDIX B. SINGULARITIES ON SIMPLE FIBRATIONS IN (1,2)-SURFACES

In this appendix, we classify the singularities of simple fibrations in (1, 2)-
surfaces, by proving a more detailed version of Proposition 5.5. This is both
a refinement and a generalization of | , Proposition 1.6], which only
treats the case when N = (0. We adopt the same notation as in §5.

Proposition B.1. Suppose that d > 0. Then X(d, N;dy) exists if and only
of

1
1@+ N) <do < 5(3d+ N).

N

A general X(d, N;dy) has N x $(1,1,1) singularities at isolated points on
59 and possibly has canonical singularities along so. More precisely,
(1) X(d, N;dy) is quasi-smooth if and only if d+ 2N < dy < 1(3d+ N)
or dy = %d—i— %N;
(2) X(d,N;dy) has 8dy — 7d — 3N terminal singularities (counted with
multiplicities) if and only if %d + %N <dy<d+ %N;
(3) X (d, N;dy) has canonical singularities along sq, at the general point
of sg of the type
o cAy if and only if 2d+ IN < dy < Id+ 3N;
e cAs if and only if one of the following holds:
(a) {N <d < 3N andd+ N < dy < 2d+ 3N;
(b) d < N and 3d+ 5N <do < 2d+ 3N;
e cAs if and only if one of the following holds:
(a) d> N and 3d+ {N < dy < 3d+ iN;
(b) 3N <d<N and 3d+ 3N <d < 2d+ §N;
(¢) sN <d<iN and 2d+iN <dy <d+ 1N;
e cAy if and only if d > N and %d—l— %N <dy < %d%— iN;
e cDy if and only if d < N and %d—i—%N <dy < %d—l—%N;
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e cDs if and only if one of the following holds:
(a) AIN<d< N andd<dy<3d+iN;
(b) d < 3N and 3d+ N < dy < 3d + {N;
e cDg if and only if one of the following holds:
(a) d> N and §d+ ;N < dy < 3d+ iN;
(b) AN <d< N and 3d+ iN < dy < d;
e cFyg if and only if one of the following holds:
(a) AN <d< N and d < dy < 3d+ ;N;
(b) d < 4N and jd+ N < dy < 3d + {N;
e cE7 if and only if one of the following holds:
(a) d> N and %dg do < %d+ iN;
(b) SN <d <N and 2d+ {N <dy < 3d+ 1N;
() AN <d < iN and 3d+ 3N < dy < d.
e cEg if and only if d > N and id%— iN <dy < %d.

Proof. For simplicity, we denote by X a general member in [10H — 4N F|.

We first assume that dy > d + %N, ie,e<d+ %N. Since N >0,d >0
and |a; — ap| < 10, it follows from (5.13) that all ¢4y q4,.4, have non-negative
degrees. Thus |[I0H —4N F| is base point free, and X is quasi-smooth with N
singularities of type %(1, 1,1) at isolated points of s, corresponding to the N
zeros of ¢ 5. In particular, X is a regular simple fibration in (1, 2)-surfaces.

From now on, we assume that dy < d+%N. By (5.13), we have deg c10,0,0 <
0 and degcp 10,0 > 0. Thus the linear system |10H — 4N F| has base locus
50, and X has the defining equation:

22 = c00,5y° +y(e8,0120 + 60,220y + €a.0,370Y° + €2,0,475y°) + 71(co,1, 020+ 9)
where g = g(to, t1, zo, z1,y) vanishes along so. Now by (5.13), we have
degcg 10 =N +5d—4e, degcgp1 =N +4d — 4e.

Ifdy >d+ %N, ie.,e<d+ iN, then both degcg 10 > 0 and degcgo1 > 0.
Since X is general, we may assume that cg 1,0 and cg 1 have distinct roots,
so that they do not vanish simultaneously. Thus X has no singularities
along sy and is therefore quasi-smooth. In particular, X is a regular simple
fibration in (1, 2)-surfaces.

If Zd+ 3N <dy<d+32N,ie,d+ 3N <e<3d+;N, then degcsgo,1 <
0 and degecg 1,0 > 0. Thus X has degecgi10 = 8dp — 7d — 3N terminal
singularities at the points of sg where cg 1o vanishes. These singularities are
locally of the form

22+ yf +te =0,

where the exponent k is the minimum 2 < k < 5 for which deg ¢j9—2x,0.% > 0.
As a result, X is a regular simple fibration in (1,2)-surfaces. Note that if
do = %d + %N, then degcg 1,0 = 0. We may assume that cg 1, is a non-zero
constant. Then X is quasi-smooth in this case.



48 STEPHEN COUGHLAN, YONG HU, ROBERTO PIGNATELLI, AND TONG ZHANG

If dy < %d—i— %N, i.e., e > %d + %N, then €10,0,0, €8,0,1 and €9,1,0 all have
negative degrees. Now X has the defining equation:

2 5 6, 2 2 4 4 3
27 =¢0,05Y" +€6,0,2%0Y" + C2,04T0Y  + €4,03T0Y
8 7 7,2 6 5,2
x1(c82,0T0%1 + €7,1,120Y + €7,3,020TT + C6.21T0T1Y + 51220y + G),

where ¢ vanishes at sy with multiplicity at least 3. Thus X is singular
along s9. Here we list the critical coefficients with their degrees according
to (5.13):

degcr11 = N+4d—3e, degcsi12=N+3d—2e, degcgao= N+5d—3e,
degcg21 = N+4d—2e, degcerzo=N+5d—2e, degczi3=N+2d—e,
degcgpoo =N +3d—3e, degcspz=N-+2d—2e, degecops=N-+d—e.

If 3d+ 1IN < dy < 32d+ 3N, ie, 3d+ iN < e < 3d+ N, then the
first six critical coefficients are nonzero for X. When cg2 is nonzero, the
local analytic equation is 22 = 08,2701:% +eraTy + 0670723/2. It is clear that
X has cA; singularities along sg. When cg 92 has negative degree, the local
analytic equation is 22 = 08727037% + c71171y. It is then easy to see that X
has ¢DV singularities and has cA; singularity at the general point of s.

If dy < %d + %N, ie., e > %d + %N, then cg 2 has negative degree. We
divide the proof into four cases.

Case 1: d > N. We first consider the case when d > N. Note that if X
is on the refined Noether line with p, > 5, then we always have d > N. It
remains to determine the type of singularities.

(al) If 3d+ 2N < dy < 3d+ 3N, ie., 3d+3N < e < 3d+ 1N, then both

c7,1,1 and ¢4 3 have negative degrees. The local analytic equation of
X along s¢ is 2% = 08,27093%—#057172:1013;2. Thus X has ¢DV singularities
and has cAs singularity at the general point of sp.

(b1) If 2d+ IN < dy < 3d+ N, ie, 3d+iN <e < 3d+ LN, then
¢s,1,2 and c2 0 4 have negative degrees. The local analytic equation of
X along sq is 2? = 08,2701'% + 0070,53/5. Thus X has ¢DV singularities
and has cAy singularity at the general point of sg.

(c1) If 3d+IN < do < 2d+ 1N, ie, 3d+ iN < e < 2d+ N, then
cg,2,0 has negative degree. The local analytic equation of X along s
is 22 = 0672,133%3/ + 07737055‘;’ + 0070,5y5. Thus X has ¢DV singularities
and has cDg singularity at the general point of sg.

(d1) If 3d < dy < 3d+ LN, ie., 2d + 1N < e < 2d + N, then cs21
has negative degree. The local analytic equation of X along sq is
22 = 0773,0.%‘% —1—0371,3$1y3+co,075y5. It is easy to check that X has cFE7

singularity at the points of s where c7 30 does not vanish. Locally
at the points where c7 30 vanishes, X is given by the equation 22 =
tz3+mr1y3. Tt is not cDV, but the relevant affine chart of the crepant
blowup is given by

z = t2z’, T = tx’l, y=ty.



(e1)
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The blow-up variety X' is defined locally by 2’2 = z? + x4 4/®, which
is cDV. Thus X has at worst canonical singularities along sg.

If 3d+ 1N < dy < 3d, ie, 2d+ N < e < 3d+ §N, then c313
has negative degree. The local analytic equation of X along sg is
22 = 07,3,033‘;’4—60,075345. Thus X has cFEg singularity at the points of s
where both ¢730 and ¢y 5 do not vanish. At the points of 5o where
c7,3,0 vanishes, X is locally given by the equation 2% = txif +°. Tt
was proved in [ , Lemma 1.14] that this singularity is canonical.
At the point of sy where cp o5 vanishes, X is locally given by the
equation z? = ¢ + ty°>. We may assign weights wt(t,y,z1,2) =
(1,1,2,3). The corresponding weighted blow-up of 7 : X’ — X is
crepant and X’ has at worst ¢DV singularities (This can be checked
by the same method as in (d). We refer to | , Theorem (2.11)
and Corollary (2.12)] or | , §5.6] for details).

Case 2: %N < d < N. Now we consider the case when %N <d< N.

(a2)

(b2)

(c2)

(d2)

(€2)

If 2d+ IN < do < 3d+ 3N, ie, 3d+ 3N < e < 3d+ 3N, then
both c71,1 and c403 have negative degrees. Thus the singularities
on X are just the same as (al).

If 3d+ IN < do < 2d+ 3N, ie, 3d+ iN < e < 3d+ N, then
cg,2,0 has negative degree. The local analytic equation of X along s
is 22 = 0672,1m%y+0571’2m1y2 —|—C77370.’E£{’. Thus X has ¢DV singularities
and has ¢D, singularity at the general point of sg.

Ifd <dy < 3d+ N, ic, 3d+ 3N < e < d+ N, then c512
has negative degree. The local analytic equation of X along sg is
22 = cg2173Y + 73073 +204y*. Thus X has cDV singularities and
has ¢Ds singularity at the general point of sg.

If %d+ iN <dy <d,ie,d+ N <e<2d+ %N, then co 04 has
negative degree. Thus the singularities on X are the same as (cl).
If ld+ 1IN <dy < id+ 1IN, ie, 2d+iN < e < 2d+ N, then
c6,2,1 has negative degree. The local analytic equation of X along s
2 — 077370:5? + 03,173x1y3 + Co7ov5y5. Thus X has cE7 singularity
at the general point of sg, and X has ¢DV singularity at the point

is z

where c730 does not vanish. At the point of sy where c739 van-
ishes, X is locally given by the equation 2z? = ta$ + x1y3 + y°. We
may assign weights wt(t,y,z1,2) = (1,1,1,2). The corresponding
weighted blow-up of m : X’ — X is crepant and X’ has at worst
cDV singularities. Thus X has canonical singularities.

Case 3: %N <d< % Now we treat the case when %N <d< %

(a3)

Ifd+iN <dy<2d+iN, ie, 3d+iN <e<d+ 3N, then c7,1,
has negative degree. The local analytic equation of X along sq is
22 = 89077 + c403Y° + c51271y%. Thus X has ¢cDV singularities

and has cAs singularity at the general point of sg.
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(b3) If 2d+ N < do <d+ 3N, ie,d+iN <e < 3d+ 1N, then cygs
has negative degree. Thus the singularities on X are the same as
(al).

(e3) If 2d+ IN < dy < 2d+ 3N, ie., 3d+ IN < e < 3d+ N, then
cg,2,0 has negative degree. Thus the singularities on X are the same
as (b2).

(d3) If 1d+ N < do < 3d+ N, ie., 3d+ N < e < 2d + 3N, then
¢s,1,2 has negative degree. Thus the singularities on X are the same
as (cl).

Subcase 3.1. %N <d< %N.

(e3) If d < dy < 2d+ N, e, 2d+ 1IN < e < d+ N, then cs2;
has negative degree. The local analytic equation of X along sq is
22 = C7,3’01‘? + 0371,3:r1y3 + 0270,4y4. Thus X has cFEjg singularity at

the general point of sg, and X has ¢DV singularity at the point
where c730 does not vanish. At the point of sy where c730 van-
ishes, X is locally given by the equation 2z? = tx$ 4+ z1y3 + y*. We
may assign weights wt(t,y,z1,2) = (1,1,1,2). The corresponding
weighted blow-up of m : X/ — X is crepant and X’ has at worst
cDV singularities. Thus X has canonical singularities.

(f3) If %d—i— %N <dy<d, ie,d+ N <e< %d—k %N, then ¢4 has
negative degree. Thus the singularities on X are the same as (e2).

Subcase 3.2. %N <d< %N.

(e3’) If %d—i—%N <dy < %aH—iN, ie., 2d—|—%N <e< gd—l—%N, then cg 2,1
has negative degree. The singularities on X are the same as (e3).

Case 4. d < iN. We now treat the case when d < %N.

(ad) If 2d+ iN < dy < 3d+ LN, ie, 3d+ iN < e < 3d+ LN, then
c7,1,1 has negative degree. The singularities on X are the same as
(a3).

(b4) If 3d+ N < do < 3d+ N, ie., 2d+ 3N < e < d+ 3N, then both
cg,2,0 and c40,3 has negative degree. The singularities on X are the
same as (b2).

(c4) If 3d+ 1N < do < 2d+ 1N, ie., 3d+ 3N < e < 2d+ 3N, then cs 1 2
has negative degree. The singularities on X are the same as (c2).

(d4) If 2d+ 1IN <do < 3d+1N,ie,2d+ 3N <e < 3d+ 3N, then oo
has negative degree. The singularities on X are the same as (e3).

In each case, X is a regular simple fibration in (1, 2)-surfaces.

Finally, we prove that X is a regular simple fibration in (1, 2)-surfaces only
when dy > 1(d+ N). The proof is very similar to that of | , Proposition
1.6], and we just sketch it here. Let x = z1/z¢, y = y/2, z = z/z} denote
local fibre coordinates near X; N sy for a general fibre X; of the fibration
X — P! Using a lemma of Reid | , §4.6 and §4.9], if X has at worst
canonical singularities, the equation of X must have monomials of weight

< 1 with respect to each of the weights %(17 1,0), %(1, 1,1), i(2, 1,1) and
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%(37 2,1). With coordinates (x,y, z) and weights %(1, 1,2), we see that there
are a; and ag with a1 + a2 < 4 such that deg cqy,4;,0, > 0. Since a1 +az < 4
is equivalent to ag — a1 > 4, combining this with the fact that ag + a1 < 10,
it follows from (5.13) that

N +5d — 4e > deg cqg,a1,a2 = 0,

which is equivalent to dg > %(d + N). The proof is completed. O
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