APPENDIX A. THE MINIMAL PRODUCT-QUOTIENT SURFACES OF GENERAL
TYPE WITH p, = 0 AND K* < 8

In this section we describe all the minimal product-quotient surfaces we have
listed in tables 1 and 2, with the exception of the one whose singular model X
has at worse canonical singularities (these are already described in [BCGO8] and
[BCGPO0S]).

In the sequel we will follow the scheme below:

G: here we define the group G (usually as permutation group);
t;: here we specify the respective signatures of the pair of spherical generators
of the group G;
S1: here we list the first set of spherical generators;
Sy: here we list the second set of spherical generators;
H;: the first homology group of the surface;
m1: the fundamental group of the surface;

A.l. K* =5, basket {1(1,1) + 1(1,2)}.

A.1.1. Group &4 X Zs:

G: (12), (13), (14), (56)) < &;
ti: (3,2%) and (6,4, 2);
S1: (134),(34)(56),(13)(24)(56),(23)(56), (13)(24)(56);
S (234)(56), (4321)(56), (14);
Hli Z% X Z4,
71 the fundamental group of this surface fits in two exact sequences

1—>Z2H7T1—>D278,3—>1

1 — 7% —m — Q(16) — 1

where (16) is the generalized quaternion group of order 16.

The normal subgroups of index 16 of m; on the left have minimal index
among the normal subgroups of m; with free abelianization. Let us recall
that Dyg 3 is the group < z,y|z? y® zyz 'y~ > and Q(16) is the group
< x,y|zd, vty yay e >.

A.1.2. Group G,.
G: Gy
 (3,2%) and (4%, 3);
Si: (124),(23),(24), (14), (13);
So: (1243), (1234), (123);
Hy: Z% X Zg,
my: the fundamental group of this surface fits in an exact sequence

~+

1272251 —Zs— 1



and the normal subgroup of index 8 of m; on the left has minimal index
among the normal subgroups of m; with free abelianization.

A.1.3. Group &4 X Zs:

G: ((12),(13), (14), (56)) < &g;

t;i: (3,23) and (6,42);

Si: (143), (12), (24)(56), (12)(34)(56);

So: (134)(56), (1342)(56), (1234);

Hy: Zg X Zg,

m1: the fundamental group fits in an exact sequence

12722 >m —7Zs— 1

and the normal subgroup of index 8 of m; on the left has minimal index
among the normal subgroups of 7m; with free abelianization.

A.1.4. Group Gs.
G: Gs;
ti: (6,5,2) and (42, 3);
Si: (13)(245), (14253), (34);
Sa: (4321), (1534), (235);
Hli Zg,
T Dgs_1 =< x,yla®, y° zyx~ly >.

A.1.5. Group 2Us.
G- 915;
ti: (3,23) and (52, 3);
S1: (152), (14)(23), (23)(45), (14)(25);
So: (15423), (13425), (254);
Hli ZQ X ZIO;
m: Zs x Qg, where Qg is the quaternion group < x,y|x?, 2%y=2 zyx~ty >.

A.1.6. Group Z3 x Gs: this is the semidirect product obtained by letting (12) and

. 01 01 01 01
4
(123) act on Zj respectively as (1 0) S (1 0) and (1 1) 2 (1 1)

G: < x1,%9, T3, T4, Yo, Ys|27, i, (24, ], (4293)?, Y2T2i—12T 2, y§1x2@>1y3x2@-,
Yy T ys o 1T9; >;
t; (3,2%) and (42,3);
S1: yswy, yz?/??ﬂfs, T1X3T4, Y2Y3T4;
Sa: y2$1$4,?/2y3$1,y§9€1$3§
Hli ZQ X Zg,
m1: the fundamental group of this surface fits in an exact sequences

1—>H—>7T1—>D87473—>1



where H is a group with a complicated presentation whose abelian quo-
tient is trivial. We conjecture H = {1} and m = Dg43 but the com-
puter could not solve the problem. Recall that Dg43 is the group <
z,y|2d, yt zyr Ty T3 >,

A.1.7. Group As.
G- 9[5;
ti: (3,23) and (52, 3);
Si: (152), (14)(23), (23)(45), (14)(25);
Syt (14235), (15243), (123);
Hli ZQ X ZlO;
T ZQ X ZlO-

A.2. K? =4, basket {2 x £(1,2)}.

A.2.1. Group Us.
G: As;
ti: (5,2%) and (5, 3%);
Si: (13245), (12)(34), (15)(23), (14)(35);
So: (13542), (123), (345);

Hli ZQ X Z67
- ZQ X Z6-
A.2.2. Group Z3x Ds: this is the semidirect product obtained by letting a symme-
1 011 1 001
. . 10 1100
4
try and a rotation of D5 act on Z; respectively as 000 1 and 01 10
0010 0010
G:
< $171’27$37$4ay27y5| xz27yzl:7['ri7xj]7(y2y5)27

YoT1Y2T1T2, Y2T2Y2T2, Y2X3Y2X1T2T4, Y2TaY2T123,
-1 -1 -1 -1
Ys T1YsT1X2,Ys T2YsTaX3,Ys T3YsT3Ta,Ys TalsT1 >
ti: (5,4%) and (5,4, 2);
C 02 2 .
Sy Y5L1, Y2Y5T2T4, Yoy,
Sot YsTaT3, Y2YsT1T2T3T 4, YoX1T3T4;
Hli Zg,
71 the fundamental group fits in an exact sequences

11— H—m — Zg— 1.

where H is a group with a complicated presentation whose abelian quo-
tient is trivial. We conjecture H = {1} and m = Zg but the computer
could not solve the problem.



A.2.3. Group Z3 x Ds:
G as above;
t;: (5,4%) and (5,4, 2);
Sy y§$1$4,?/2$3,yz?/§9€2$4;
Sy: y§3715523737 Y224, Y2Ys;
Hli Zg,
71 the fundamental group fits in an exact sequences

1l—H —m — Zg — 1.

where H is a group with a complicated presentation whose abelian quo-
tient is trivial. We conjecture H = {1} and m = Zg but the computer
could not solve the problem.

A.2.4. Group Zj x Ds:
G: as above;
. (5,4%) and (5,4,2);
Sy y§$1$4,?/2$3792?/§$2$4;
Soi YsT2T3, Y2Ys5T1ToT3T e, Y21 T3 4;
Hli Zg,
m1: the fundamental group fits in an exact sequences

~

1—-H—>m — Zg — 1.

where H is a group with a complicated presentation whose abelian quo-
tient is trivial. We conjecture H = {1} and m; = Zs but the computer
could not solve the problem.

A.2.5. Group Us.

G: Ug:

ti: (5,4,2) and (5, 3%);

Sp: (14623), (13)(2564), (12)(56);
Sy (14562), (134)(265), (243):
Hli Z67

U Z@.

A3, K? =3, basket {£(1,1)+ £(1,4)}.

A.3.1. Group Us.
G: As;
t;: (5,23) and (5, 3%);
Sy: (14235), (23)(45), (13)(45), (14)(35);
Sy: (13542), (123), (345);
Hli ZQ X Z67
- ZQ X Z6-



A.3.2. Group 73 x Ds: this is the semidirect product obtained by letting a symme-

1 011 1 0 01
) ) 1 10 1100
4
try and a rotation of D5 act on Zj3 respectively as 000 1 and 0110
0010 0010
G:
< X1, o, T3, Ta, Y2, Ys | fb’?ayfa [xzﬂ?j]’ (y2y5)2,
YoT1Y2T1T2, Y2T2Y2T2, Y2X3Y2X1T2T4, Y2TaY2T1T3,
y§1561y5$€1372, y51x2y5x2x3, y51x3y5x3x4, y51x4y5x1 >
ti: (5,4%) and (5,4, 2);
Sy y52,$1,92?/52)$2$4,?/2$4;
Syt y§’$1$3,?/2y§$47?/2$1$39€4;
Hli Zg,
71 the fundamental group fits in an exact sequences
11— H—m — Zg— 1.
where H is a group with a complicated presentation whose abelian quo-
tient is trivial. We conjecture H = {1} and m = Zg but the computer
could not solve the problem.
A.3.3. Group Z3 x Ds:
G as above;
ti: (5,4%) and (5,4, 2);
Sy y§’$1$4,?/29€3,?/2?/§$2$4§
Sy: 9337256’47192%2,551374, y2y§x1x2x4;
Hli Zg,
71 the fundamental group fits in an exact sequences
11— H—m — Zg— 1.
where H is a group with a complicated presentation whose abelian quotient
is trivial. We conjecture H = {1} and m = Zg but the computer could not
solve the problem.
A.3.4. Group Zj x Ds:
G as above;
ti: (5,4%) and (5,4,2);
Sh: y§$1$47y2$37y2y§5€2$4;
Sy: yé’xlxs,yzy?m,ylemm;
Hli Zg,
m1: the fundamental group fits in an exact sequences

1—-H —>m — Zg — 1.



where H is a group with a complicated presentation whose abelian quotient

is trivial. We conjecture H = {1} and m
solve the problem.

. Group .

: Us;

: (5,4,2) and (5, 3%);

: (14623), (13)(2564), (12)(56);
: (15342), (164), (135)(246);

0 Ls;

: Zg.

= Zsg but the computer could not

A4, K? =3, basket {2 x 1(1,1)+ 1(1,1) + 1(1,2)}.

A4.1.

G-
t;:
Si:
Sy:

Hli
Tt

A5, K? =2, basket {2 x $(1,1) +2 x £(1,2)}.

A5.1.

G-
tii

Sy
St

Hli
1.

A5.2.

Group &4 X Zoy:

((12), (13), (14), (56)) < Ge;
(4,3,2%) and (6,4, 2);

(1234), (234), (13)(24)(56). (34) (56);
(234)(56), (4321)(56), (14);

Ly X Lg;

ZQ X Z4.

(
5

Group Uy X Zo:

((123), (12)(34), (56)) < S¢;

(6%,2) and (3%,22);

(132)(56), (142)(56), (13)(24):

(234), (123), (13)(24)(56), (14)(23)(56);
Z3;

Qs.

Group Gy

G: 6y

tii
Sli
SQZ
Hli
T

(4%,3) and (32%,2%);
(123), (134), (12), (24);
(1234), (1243), (124);
Ls;

ZS.



A.5.3. Group Z? x Zs: this is the semidirect product obtained by letting a gener-

ator of Z3 act on Z? as <é ;))
G: (w1, 9, ylay, [21, 2], 4%,y
t;: both (5,3%);
Sl: $?$%,y2$?$%,y;
5'2: lesuyxlvy2lelx§;
Hli Z5,
71 the fundamental group fits in an exact sequences

1 1

-1 2 ,—1,.—1 3\.
Ty YT1T3, YT Ty YT1T);

1—-H —>m — Zs — 1.

where H is a group with a complicated presentation whose abelian quotient
is trivial. We conjecture H = {1} and m = Z; but the computer could not
solve the problem.

A5.4. Group 7% x Zs:

G: as above

:+ both (5,3?%);

Sl: l‘i{’{L‘%,yQI‘?ZL‘%,y;
52: x‘f:ﬂ%,yxlxg,fx‘fx%;
Hli Z5,

m1: the fundamental group fits in an exact sequences

~

1—-H —>m — Zs — 1.

where H is a group with a complicated presentation whose abelian quotient
is trivial. We conjecture H = {1} and m; = Z; but the computer could not
solve the problem.

A.5.5. Group Us.
G: As;
i (5,3%) and (3,23%);
S1: (13542), (123), (345);
Sy (152), (14)(23), (23)(45), (14)(25);
Hy: 7%
my: 73

A6. K? =2, basket {2 x 3(1,1) + 1(1,1) + 1(1,3)}.

A.6.1. Group PSL(2,7):

G: ((34)(56), (123)(457)) < &7;

i (7,4,2) and (4, 3%);

Si: (1436275),(14)(2357),(36)(45);

Sy: (1236)(47), (245)(376), (164)(257);
Hli Zg,

~

~



U Zg.

A.6.2. Group PSL(2,7):

G: ((34)(56), (123)(457)) < Gr;
(7,4,2) and (4, 3%);
St (1436275) (14)(2357),(36)(45);

( 4)(1675), (164)(257), (134)(265);
Hy: Zs;
T Zg.

A.6.3. Group As.
GI QIG;
ti: (5,4,2) and (4, 3%);
Sy: (14623), (13)(2564), (12)(56);
So: (16)(2435), (246), (162)(345);

ti: (5,4,2) and (4,3?);
S1: (14623), (13)(2564), (12)(56);
Sy: (1365)(24), (124)(356), (125);

G- 65;

ti: (5,4,2) and ( ,4,3);
Sy: (15432) (1235), (45);
Sy: ( )( )7< 25 )7< 2);
Hli Zg,

e Zg.

A7. K* =1, basket {4 x 1(1,1) + 1(1,1) + 1(1,2)}.



+ (3,2%) and (6,4,2
. (134), (13)(24) (56
: (143)(56), (1234)(56), (23);
D La;
. ZQ.

Group Gs.

0 Gs;

i (3,23) and (4%, 3);

: (123),(34), (23), (13)(24;
: (1234),(1243), (124);

D La;

. Z4.

Group PSL(2,7):
((34)(56), (123)(457)) < &7;

+ (7,3,2) and (42, 3);
. (1476532), (164)(235), (26)(47);
! (1765)( 3), (17)(3645), (236) (475);

. ZQ.

Group &4 X Zoy:
((12), (13), (14), (56)) < Gs;

);
), (23), (24)(56);
5



