THREEFOLDS ON THE NOETHER LINE
AND THEIR MODULI SPACES
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ABSTRACT. In this paper, we completely classify the canonical three-
folds on the Noether line with geometric genus p, > 11 by studying
their moduli spaces. For every such moduli space, we establish an ex-
plicit stratification, estimate the number of its irreducible components
and prove a dimension formula. A new and unexpected phenomenon
is that the number of irreducible components grows linearly with the
geometric genus, while the moduli space of canonical surfaces on the
Noether line with any prescribed geometric genus has at most two irre-
ducible components.

The key idea in the proof is to relate the canonical threefolds on the
Noether line to simple fibrations in (1,2)-surfaces by proving a conjec-
ture stated by two of the authors in | ].
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1. INTRODUCTION

1.1. Background. One of the most fundamental problems in algebraic ge-
ometry is to classify algebraic varieties, with probably the ultimate goal to
understand the moduli space of varieties with prescribed discrete numerical
invariants. As a typical example, the moduli spaces M, of smooth curves of
genus g > 2 have been extensively studied since the seminal work of Mum-
ford. In the moduli theory for higher dimensional varieties of general type,
the main objects are varieties with ample canonical class and with canonical
singularities [ , §1.2]. Geometric invariant theory (GIT) can be applied
to construct a quasi-projective coarse moduli space of such varieties | ]
(see also | | for surfaces). An alternative construction using the mini-
mal model program (MMP) was outlined for surfaces in | | (see also
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[ ]), and it gives a projective moduli space by adding stable varieties
(see [ | for details including the higher dimensional case). However,
the geometry of these moduli spaces seems far from being understood, even
without considering the locus parametrizing strictly stable varieties. The
basic questions include, for example:

e the non-emptiness of the moduli space of varieties of general type
with prescribed birational invariants;

e the dimension and the number of irreducible/connected components
of the moduli space, if it is non-empty.

In this paper, we describe the explicit geometry of moduli spaces of a class
of threefolds with ample canonical class, which are of special importance
from the viewpoint of the geography of algebraic varieties. To motivate our
result, in the following, we assume that X is a variety of general type of
dimension n > 2 with at worst canonical singularities. If the canonical class
Kx is ample, then X is called canonical. Let

py(X) := WX, Kx)

denote the geometric genus of X, and let

0
Vol(X) = lim sup - )

denote its canonical volume. These two numerical invariants are fundamen-
tal in the study of the birational geometry of X. Note that if Kx is nef,
then Vol(X) = K¥%.

When n = 2, the famous inequality due to M. Noether | | states that

Vol(X) > 2py(X) — 4.

In his celebrated paper | ], Horikawa completely described for each
pg = 3 the moduli space parametrizing all canonical surfaces “on the Noether
line” (i.e., K? = 2p,—4) with geometric genus p,. More precisely, he showed
loc. cit. that the moduli space is either irreducible and unirational, or it has
two irreducible and unirational components of the same dimension that do
not intersect. The “second” component appears if and only if K? is divisible
by 8. Moreover, when p, > 7, the dimension of the moduli space is 7py + 14.

When n = 3, the corresponding Noether inequality, conjectured around
the end of the last century, is now “essentially” proved. More precisely,

Chen et al. proved in | ) | that the inequality
4 10
(L.1) Vol(X) = Spy(X) = 5

holds for every threefold X of general type, possibly with some exceptions
with 5 < pg(X) < 10." The inequality is optimal due to known examples
found by Kobayashi | | for infinitely many p,. As in the surface case,
we say that a threefold X with p,(X) > 11 is on the Noether line if Vol(X) =

n a very recent preprint | ], Chen et al. proved that (1.1) holds when py(X) = 5.
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%pg(X ) — 13—0. In other words, given the geometric genus p, > 11, threefolds
on the Noether line have the smallest possible canonical volume. Recently,
more examples of threefolds on the Noether line have been constructed in
[ , , ], but it remains an open question whether there is a
classification for all threefolds on the Noether line (see | , Question
1.5]).

1.2. Main theorem. The main result in this paper is an explicit descrip-
tion of the moduli spaces of canonical threefolds on the Noether line with
geometric genus p, > 11. It is a three dimensional version of Horikawa’s
work | | and provides a complete answer to the above question. We
summarize it as the following.

Theorem 1.1. For an integer p; > 11, let M, be the coarse moduli
space parametrizing all canonical threefolds with geometric genus py and
canonical volume K3 = %pg — %. Then MK37pg is non-empty if and only if
pg =1 (mod 3).

Suppose that M s, is non-empty. Then

:pg

(1) Mgs,, is a union of L%J unirational strata.

(2) The number of irreducible components is at most LngGJ and at least

Lp gI6J — Lp "7§8J. In particular, this number grows linearly with p,.

(3) We have
169 py+2] 386
3 1o 56{ 12 % 3

where the dimension means the mazximal one among all irreducible

dim Mg, =

components of My, .

Theorem 1.1 (2) implies that the number of irreducible components of

M, is exactly [p "IGJ when p, < 70. In contrast with Horikawa’s re-

sult [ | (and rather surprisingly for us), it shows that the number of
irreducible components is unbounded as py tends to infinity. Note that the
number of irreducible components of Mgs , containing smooth canonical
threefolds is “only” one or two, the exact number depending whether p, + 2
is divisible by 8. All other components contain only singular canonical three-
folds.

Moreover, we not only obtain the dimension of Mgs , as in Theorem
1.1 (3), but also obtain dimensions of all strata of those in Theorem 1.1 (1)
(see Proposition 4.3). As a consequence, a general canonical threefold with
pg > 11 on the Noether line (i.e., those parameterized by the irreducible
component of Mgz, with the maximal dimension), has singularities of
type cEg. In contrast, a general canonical surface on the Noether line is
smooth.

We remark that when p, > 11, it was already known that the moduli space
Msp, in Theorem 1.1 is empty unless p; = 1 (mod3) | , Theorem
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1.2]. Thus the novelty of Theorem 1.1 is the complete description of the
non-empty moduli spaces.

1.3. Idea of the proof. The proof of Theorem 1.1 starts from investigating
the following conjecture stated in [ , Introduction].

Conjecture 1.2. Every canonical threefold on the Noether line with py suf-
ficiently large birationally admits a simple fibration in (1,2)-surfaces over
PL.

Here and throughout this paper, a (1,2)-surface is a surface S with at
worst canonical singularities, Vol(S) = 1 and py(S) = 2. A key feature of
a (1,2)-surface is that its canonical ring is generated by four elements of
respective degree 1, 1, 2 and 5 and related by a single equation of degree 10.
Simple fibrations in (1,2)-surfaces were introduced and studied in [ ]
(see Definition 2.5 for a precise definition). They are fibrations f: X — B
from a threefold X with canonical singularities to a smooth curve B with K x
being f-ample such that the canonical ring of each fibre is “algebraically”
like that of a (1,2)-surface. An enlightening result proved in | , Theo-
rem 1.11] is that every Gorenstein minimal threefold X admitting a simple
fibration in (1, 2)-surfaces over P! is isomorphic to a divisor in a toric four-
fold. Moreover, such an X is on the Noether line if it is Gorenstein. Thus
Conjecture 1.2 is the converse of this result. Moreover, in all but a hand-
ful of cases, the canonical model itself admits the simple fibration and no
birational map is needed.

As a key step in the proof of Theorem 1.1, we show in Theorem 3.1 that

Theorem 1.3. Conjecture 1.2 holds true for py > 11.

As a corollary, the description in | | via simple fibrations holds for
all threefolds on the Noether line with p, > 11. To put this result into
perspective, by the result of Horikawa | , |, every canonical sur-

face on the Noether line with p, > 7 admits a “simple” fibration in genus
2 curves over P!. That is, the canonical ring of each fibre is “algebraically”
like that of a smooth genus 2 curve, which is generated by three elements
of respective degree 1, 1 and 3 and related by a single equation of degree 6
(see also | ) ) ]). Hence Theorem 1.3 is an analogue of this
result in dimension three.

By Theorem 1.3, we are able to show that canonical threefolds on the
Noether line with geometric genus p, > 11 are determined by two integers
d,dy with p, = 3d — 2 and % < %0 < % Each pair (d,dy) gives a different
unirational stratum Vj(dp) of the moduli space M K3p, in Theorem 1.1.
Explicit deformations show that V;(dp) is on the boundary of Vj (L%dJ) for
every do > d. On the other hand, we prove by a dimensional argument that
Va(dp) is dense in an irreducible component of M K3, for each dy < 2536_ 3

and that Vj, ({%]) has the largest dimension. Thus Theorem 1.1 is proved.
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It is worth mentioning that most of the results in this paper are proved not
just for p, > 11, but under the weaker assumption that p, > 7 and the image
of the canonical map of the threefold has dimension 2. If one could prove
that there are no canonical threefolds with p, = 7,8,9,10, K 3 = %pg — 13—0
and 1-dimensional canonical image, then Theorem 1.1 would automatically
extend to py > 7.

We remark that at the moment we cannot determine if the remaining

Lp %SJ strata, those Vy(dp) with 2555 3 < dy < d, are dense in an irreducible

component or contained in the boundary of Vy (L%dJ) (see §4.3 for more
details).

1.4. Structure of the paper. The paper is structured as follows.

In Section 2, we recall all known results we need in the paper, mostly from
our previous papers | ] and | ]. The novelty here is Proposition 2.11,
that is a refinement of a result in [ ].

Section 3 is devoted to Theorem 1.3 (see Theorem 3.1 for details), that is
the proof of the aforementioned conjecture 1.2.

In Section 4, we study the moduli space of canonical threefolds on the
Noether line with p, > 11. More precisely, we compute in Proposition 4.3
the dimension of each stratum Vj(dp) and finally establish Theorem 1.1.

1.5. Notation. Throughout this paper, we work over the complex number
field C, and all varieties are projective, with at worst canonical singularities.

o A variety X is minimal if it has at worst Q-factorial terminal singu-
larities and K x is nef.

e A variety X is Gorenstein if the canonical class Kx is Cartier.

e For a variety X, the irregularity is defined as ¢(X) = h'(X, Ox).
We say that X is regular if ¢(X) = 0.

e For a variety X, if p,(X) > 2, then the global sections of the canon-
ical class induce a rational map, called the canonical map, from X
to PPs(X)=1 The closure of the image of X under its canonical map
is called the canonical image of X.

Given two variables tg,t1, we denote by S™(tg,t1) the set of monomials
of degree n in the variables tg,¢;. In particular, S™(to,t1) is empty if n is
negative.
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2. PRELIMINARY RESULTS

In this section, we collect some known results about threefolds with small
volume and simple fibrations in (1,2)-surfaces that we are going to use in
the rest of the paper.

We are interested in the moduli space of canonical threefolds. Some of
the results we use are stated in the original papers for minimal threefolds
of general type. These results extend to canonical threefolds by the obvious
use of a terminalisation. Indeed, for a canonical threefold X, there exists a
crepant birational morphism 7: X — X such that X is minimal by [ ]
or [ , Theorem 6.25]. Note that if X is Gorenstein, then so is X
(see | , §3] or [ , Theorem 6.23]). So we reformulate those results
directly here for canonical threefolds.

2.1. Threefolds with small volume. The starting point is the Noether
inequality for threefolds, first proved in a weaker version in [ , The-
orem 1.1] and then in the following version in | , Theorem 1].

Theorem 2.1 (The Noether inequality for threefolds). Let X be a canonical
threefold with either py(X) < 4 or pg(X) > 11. Then the Noether inequality
(1.1) holds for X.

As defined in §1.1, canonical threefolds for which the equality in (1.1)
holds are said to be on the Noether line. For them we know

Proposition 2.2. | , Theorem 1.2 (3)] Let X be a canonical threefold
with pg(X) > 11 and K% = 3py(X) — 1.
has dimension 2.

Then the canonical image of X

In particular all the statements in the paper that have the assumption
“pg(X) > 7 and canonical image of dimension 2” hold for p,(X) > 11
without further assumptions on the canonical image.

If a canonical threefold X lies on the Noether line, then it is Gorenstein.
In fact, we know a bit more:

Proposition 2.3. | , Theorem 4.7 and Proposition 4.3] Let X be a
canonical threefold with py(X) > 7 and the canonical image of dimension 2.
Then

o If py =1 (mod3), then either K% = 3py(X) — % and X is Goren-
stein or K% > 3pg(X) — 22 + 2.

e Ifpy =2 (mod3), then K% > 3py(X) —

e Ifp, =0 (mod3), then K3 > %pg(X) —

% and it is optimal.
2

2+
13—0 + & and it is optimal.
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Furthermore, all threefolds “close to the Noether line” have a fibration
over P! whose general fibre is a (1, 2)-surface. More precisely, we have

Proposition 2.4. | , Proposition 2.1 and Lemma 3.4] Let X be a
canonical threefold with py(X) > 7 and canonical image of dimension 2.
If K% < %pg(X) — %0 + %, then X has a birational model X1 such that
e X1 is minimal;
e there is a fibration m: X1 — P! whose general fibre is a smooth
(1,2)-surface.
Moreover, q(X) = h*(X,0x) = 0.

2.2. Simple fibrations in (1, 2)-surfaces. Recall the definition of a simple
fibration in (1,2)-surfaces from [ ]-

Definition 2.5. A simple fibration in (1,2)-surfaces is a surjective mor-
phism 7: X — B such that

B is a smooth curve;

Kx is m-ample;

for all p € B, the canonical ring R(X,, Kx,) := @, HO(Xp,dKXp)
of the surface X, := 7*p is generated by four elements of respective
degree 1,1,2 and 5 and related by a single equation of degree 10,
where KXP = KX’XP'

[ ]
e X is a threefold with at worst canonical singularities;
[ ]
[

For brevity, if a threefold X admits a simple fibration in (1,2)-surfaces
m: X — B, we often write that X is a simple fibration as in | ]

The simple fibrations in (1, 2)-surfaces that are both Gorenstein and reg-
ular can be canonically embedded in a toric 4-fold as follows.

Choose integers d, dy and define F = F(d; dy) to be the toric 4-fold with
weight matrix

t(] t1 i) T Yy z
(2.1) 1 1 d—dy do—2d 0 0
0 0 1 1 2 5
and irrelevant ideal I = (to,t1) N (zo, z1,Y,2). Set e = 3d — 2dp.
The following result is a combination of | , Theorem 4.23, Definition

1.4 and Theorem 1.11].

Theorem 2.6. Fach Gorenstein regular simple fibration in (1,2)-surfaces
is a divisor in a unique F(d;dy) defined by a bihomogeneous equation of
bidegree (0,10) respect to the weights given by the rows of the matriz (2.1),
in other words an equation of the form

Conversely, each divisor as above with at worst canonical singularities is
a Gorenstein regular simple fibration in (1,2)-surfaces.

Then | | introduced the following
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Definition 2.7. We say that a Gorenstein regular simple fibration X con-
tained in F(d; dp) is of type (d,dp) and sometimes denote it by X(d;dp).

By | , Proposition 1.6], Gorenstein regular simple fibrations in (1, 2)-
surfaces of type (d, dp) exist if and only if

1 3
2.2 —-d < dg < =d.
22) HE RS

Remark 2.8. Here we correct a small inaccuracy in the proof of [ ,
Proposition 1.6]. In the proof of the inequality %d < dp, it was implicitly
assumed that d > 0, which had not yet been proved. In fact, this can be
easily shown as follows: since dy < 3d (that was proven right before), it is
enough to show that dy > 0. This is an immediate consequence of Fujita
semipositivity, since by definition Op1(dp) is a direct summand of fiwy p1.

We may assume in the following that dg and d are both strictly positive.
This is because the Gorenstein regular simple fibrations of type (0,0) are
products of a (1,2)-surface and P!, and these products have no interest for
us since they are not of general type.

For X = X(d;dp), a basis of H’(X, Ky) is given by the monomials in
Sd0=2(tq,t1) 2o and S34=90=2(tg, t1)- 11 (see the proof of | , Proposition
1.9]). This shows that the integer dj is strictly related to the canonical image
3 of X in the sense that

e if dy = 1, then ¥ is a rational normal curve of degree 3d — 3;

e if dy = 2, then X is a cone over a rational normal curve of degree
3d — 4;

e if dg > 3, then X is isomorphic to the Hirzebruch surface F..

Moreover, we have p, = 3d — 2, so the integer d is a deformation invariant.
More precisely,

Proposition 2.9. | , Theorem 1.11] Gorenstein regular simple fibra-
tions X of type (d,dy) have
4 10
pe(X)=3d—2, ¢(X)=0, Ky=4d—6= 3P(X) — =
In particular, if a Gorenstein regular simple fibration in (1, 2)-surfaces is
a canonical threefold, then it is on the Noether line. In fact this is almost
always the case.

Proposition 2.10. | , Lemma 1.8 and Section 6] A Gorenstein regular
simple fibration X of type (d,dy) has ample canonical class if and only if
min(d, dp) > 3.

If min(d, dy) = 2, then X is minimal of general type but not canonical,
and the morphism from X onto its canonical model is crepant.

If min(d,dy) = 1, then either X is not of general type, or its minimal
model is not on the Noether line.
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As a result, when min(d, dy) > 2, the Gorenstein regular simple fibrations
X of type (d, dy) give pairwise disjoint unirational subvarieties of the moduli
space of threefolds of general type on the Noether line. We will see in Section
3 that this is a stratification of the moduli space when d > 5 (equivalently
pg = 11).

Later it will be useful to know the singular locus of the general element in
each of these unirational families. For that we need to recall some standard
notation for toric varieties: for each variable p € {to,t1,x0,x1,y,2} we set
D, for the corresponding torus invariant divisor of F(d;dp), i.e.,

(2.3) D, = {p=0}.
Then we prove a refined version of [ , Proposition 1.6].

Proposition 2.11. The singular locus of the general X (d;dy) is contained
in the torus invariant curve 5o := Dy, N Dy N D,. More precisely,
(1) X(d;do) is nonsingular if and only if 1 < %0 <3 or %0 =1
(2) X (d;do) has 8dy — 7d terminal singularities (counted with multiplic-
ity) if and only if% < %0 <1
(3) X(d;dy) has canonical singularities along so of type

(a) cA;y if and only if% < %0 < %;
(b) cAs if and only zf% < %0 < %;
(¢) cAy if and only if% < %0 < %;
(d) ¢Dg if and only if% < %0 < %;
(e) cEg if and only if% < %0 < %
Proof. Part (1) and (2) are in | , Proposition 1.6]. We prove the refine-

ment of part (3) using the same approach.

We assume that dy < %d. Denote a general X (d;dy) by X. After co-
ordinates changes, the hypersurface X is defined by a polynomial of the
form

(2.4) P+ ) capana(to, )z z ]y,
aog+ai1+2a2=10
a2#5

where cqq a;.a0 (%0, t1) is a homogeneous polynomial whose degree is

(ao +a1)d+ (a1 —ap)e

(25) deg Caoﬂl,az = *ao(d — do) — al(do — 2d) = B

Since we have assumed that dy < %d, it follows that the coefficients c10,0,0,
€8,0,1, €6,0,25 €4,0,3, €2,0,4 and €9,1,0 vanish. Hence the polynomial (24) has
the form

2, .5 8 7 7.2 6 5,2
2=+ y° + 1(c8,2,07021 + €7,1,120Y + €7,3,0T0T] + C6,2,1Z0T1Y + C5,1,2T0Y" + g)

where ¢ vanishes at sg with multiplicity at least 3. So X is singular along
s50. The five coefficients appearing above are the critical coefficients. Here



10 STEPHEN COUGHLAN, YONG HU, ROBERTO PIGNATELLI, AND TONG ZHANG

we list them with their degrees
deg Cr1,1 = 6d() - 5d, deg C51,2 = 4d0 - 3d, deg C8,2,0 = 6d0 - 4d,
deg C6,2,1 = 4d0 — 2d, deg C7,3,0 = 4d0 —d.

Applying | , §4.6, §4.9] and | , §1.14], we know that X will have
canonical singularities along sg if and only if at least one of the critical
coefficients is non-zero (see [ , §1.4] for further details). It remains to
determine the type of singularities for each case (a), ..., (e).

(a) If %d <dy < %d, then for degree reasons, all critical coefficients are
nonzero for X. It is then easy to see that X has cA; singularities
along sg, because the local analytic equation is 22 + €7.1,171Y.

(b) If %d <dy < %d, then c7 11 has negative degree, so X has cAjs singu-
larities along so and local analytic equation 2%+ 0872,050% + 0571,2x1y2.

(c) If %d < dy < %d, then c5 12 has negative degree, so X has cAy
singularities along s and local analytic equation 22 + cg 2 07% + 3°.

(d) If %d < dy < %d, then cg2o has negative degree, so X has cDs
singularities along so and local analytic equation 22 + caz,lm%y + .

(e) If id < dy < %d, then cg2,1 has negative degree, so X has cEy
singularities along s and local analytic equation 2% + 07,37093‘;’ + /5.

This concludes the proof. O

3. PROOF OF CONJECTURE 1.2

This section is devoted to the proof of the following result, answering
affirmatively Conjecture 1.2 stated in [ ].

Theorem 3.1. Suppose that X is a canonical threefold with K3 = %pg (X)—
%, pg(X) > 7 and the canonical image of dimension 2. Then there is a
crepant birational morphism Xo — X such that Xg is a Gorenstein reqular
simple fibration in (1,2)-surfaces. If py(X) > 23, then Xo = X.

Proof. By Proposition 2.4, we can choose a minimal model X; of X so that
X1 admits a fibration m1: X; — P! whose general fibre is a smooth (1,2)-
surface. We know that X; is Gorenstein by Proposition 2.3.

Let X be the relative canonical model of X; over P!, that is, Xg =
Proj @ (m1)«(n(Kx, — i Kp1)). So we have a commutative diagram

X £ X
N A
IP)l

Since the general fibre of 71 is a smooth (1, 2)-surface, its canonical model is a
hypersurface of degree 10 in P(1, 1,2, 5) with at worst canonical singularities.

Now let F}, be the fibre of Xy — P! over any point p € P'. Since E,
is a Cartier divisor on Xy and X is Gorenstein, we get that Fj, is Goren-
stein. Thus Kp, is Cartier. For any given integer n > 1, consider the exact
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sequence
0— H°(Xo,nKx,)
(3.1) — H'(Xo,nKx,)
— H*(Xo,nKx,).

°(Xo,nKx, + Fp) — H*(Fp,nKp,)

—H
— HY(Xo,nKx, + Fp) — H (Fp,nKp,)

Now H'(X¢,nKyx,) vanishes for i = 1,2 when n = 1 by Proposition 2.4
and Serre duality, and when n > 2 by the Kawamata—Viehweg vanishing
theorem. Thus we have h!(Xo,nKx, + F,) = h' (Fp,nKF,), and this does
not depend on p. Therefore, since h!(F,, nK F,) = 0 for a general F}, which
is a canonical (1,2)-surface, we have h'(Xo,nKx, +F,) = h*(F,,nKp,) =0
for all F,. Moreover all plurigenera h'(F,,nKp,) = h%(Xo,nKx, + F,) —
h%(Xo,nK x,) do not depend on p. We conclude that every F), is a Gorenstein
surface with h%(F),, Kp,) = 2 and K}%p =1

If we could assume that all F), are stable as in | , §5.1-5.3], then
[ , Theorem 3.3 (1)] implies that all F}, are hypersurfaces of degree
10 in P(1,1,2,5) and we could conclude that Xy is a simple fibration in
(1, 2)-surfaces.

On the other hand, in the proof of | , Theorem 3.3 (1)], stability is
only used to prove that:

(i) h'(Fp,nKp,) =0 for any n > 1;

(ii) there is an integral curve C' € |K,|.
We have already shown (i) using (3.1). So to conclude that Xy is a simple
fibration in (1, 2)-surfaces (without assuming stability of fibres), we need to
check that (ii) holds for every fibre of .

In fact this is proven in Lemma | , Lemma 5.6]. An alternative
and similar proof uses the argument of | , Lemma 4.1]: since F), is
Gorenstein, a general C' € |K,| is Gorenstein and is of arithmetic genus 2
by adjunction. Since K, is ample and K%p = (Kp,-C) =1, we get that C
is reduced and irreducible, i.e., integral.

Then Xy is a Gorenstein regular simple fibration in (1, 2)-surfaces. Set
(d,dp) for its type as defined in Definition 2.7.

The birational morphism Xy — X is the morphism of X onto its canon-
ical model. By Proposition 2.10, it is an isomorphism unless min(d, dy) = 2.
Since we are assuming pg(X) > 7, then d > 3, so in this last case dy = 2.
Then by (2.2), we have d < 8, so py(X) < 22. This concludes the proof. [

Remark 3.2. The proof shows that Xy and X are not isomorphic if and
only if the canonical image 3 is singular, that is, a cone over a rational
normal curve. In particular, the assumption p,(X) > 23 in the last claim of
Theorem 3.1 is sharp.

Remark 3.3. Proposition 2.4 is a key building block of the proof of Theorem
3.1. We need to assume that p,(X) > 7 and that the canonical image of
X has dimension 2 to apply it. If one could weaken this assumption in
Proposition 2.4, a similar generalization of Theorem 3.1 should hold too.
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One cannot hope to completely remove these assumptions, because X1o C
P(1,1,1,1,5) is a threefold of general type with p, = 4, K = 2 that is not
birational to any simple fibration in (1,2)-surfaces. Its canonical map is a
double cover of P3, a threefold.

Combining Proposition 2.2 and Theorem 3.1, we conclude the following.

Corollary 3.4. Suppose that X is a canonical threefold with K3 = %pg (X)—
% and py(X) > 11. Then there is a crepant birational morphism Xo — X

such that X is a Gorenstein reqular simple fibration in (1,2)-surfaces. If
pg(X) > 23, then Xog = X.

So classifying canonical threefolds on the Noether line with p, > 11
is equivalent to classifying Gorenstein regular simple fibrations in (1,2)-
surfaces with d > 5 and dg > 2. Using Proposition 2.9 and 2.10 as well as
[ , Example 1.13], we can rewrite Corollary 3.4 as

Corollary 3.5. The canonical threefolds with K3 = %pg — 1—30 and py >
11 are, up to a birational transformation, the Gorenstein regular simple
fibrations in (1,2)-surfaces of type (d,dy) with d = 3pg —2 > 5 and dy > 2.

The birational transformation is an isomorphism unless dg = 2, in which
case pg < 22 and the birational transformation is described in | , Ex-
ample 1.13].

4. MODULI SPACES OF THREEFOLDS ON THE NOETHER LINE

In this section, we describe the moduli space Mgz, —of the canonical
threefolds on the Noether line with geometric genus p, > 11, so by Corollary
3.5 we have to consider the Gorenstein regular simple fibrations in (1,2)-
surfaces of type (d,dp) with d > 5 and do > 2.

Let Mg4(do) denote the corresponding modular family of hypersurfaces
X(d;do) in F(d;dp) as in Definition 2.7. Then it is unirational. Let Mgs
be the moduli space of canonical threefolds with p; = 3d—2 and K 3 = 4d—6.
By (2.2), there is a non-trivial morphism

q)d,do : Md(d()) — MK?’,pg

when i < %0 < % Moreover, by Proposition 2.10, ®4 4, is an isomorphism
onto its image for dy > 3.

If dy = 2, then d < 8, and X(d;dp) is not a canonical model, since
Kx is not ample. However the map onto the canonical model, described
in | , Example 1.13], is a projective crepant birational morphism. By
[ , Main Theorem] on the finiteness of minimal models for threefolds,
each canonical model admits only finitely many such maps. Hence ®4q4,, if
not one-to-one, is at least finite-to-one onto its image.



THREEFOLDS ON THE NOETHER LINE 13

4.1. The dimension of Mg(dy). From now on, we set Ay(dy) for the di-
mension of Mg4(dp). In the following, we will use the notation for divisors
on F(d;dp) that was introduced in (2.3). We also define

(4.1) H := Dy, + (do — d)Dy,.

Note that the definition of H used here differs slightly from that used in
[ , §1.1].

Analogous to | , §1.1], we have the following relations:

Dy, ~ Dy, Dy, ~H+(d—do)Dy,, Dy ~ H+ (dy—2d)Dy,,

D, ~2H, D,~5H.

As noticed in | , Section 4 and 5, see also the proof of Theorem 5.2], the
bicanonical map of X (d; dy) is the restriction of the projection from F(d; dy)
onto the P(1,1,2)-bundle

D, =F(d;do) N (z = 0).

It is a finite morphism of degree 2 whose branch locus B is cut out by an
element of H°(D,,10Hp.), where Hp, = H|p,. The dimension of M(dp)
is therefore equal to the dimension of the family of pairs (D,, B), i.e.,

dim M4(dp) = dim |10Hp, | — dim Aut D,

(4.2) 0
=h’(D,,10Hp,) — dimAut D, — 1.

Before computing the dimension, we define D;) to be the torus invariant
divisors in D, given by p = 0 for each p € {to,t1,20,71,y}. Then D) =
D,|p,. Write F' = Dy .

We compute the dimension of the automorphism group of D, first.

Lemma 4.1. The dimension of the automorphism group of D, is

3d + 10 if do = 3d;
dimAut D, = { 6d —2do+9 if d < dy < 3d;
8d —4dy +8 if +d < dy < d.

Proof. By | , §4] and the above relations among D, and H, we have
the formula

dim Aut D, = Z hO(DwD,/o) —2
pE{to,t1,x0,x1,y}

=2n%(D.,F)+ h%(D.,(d — do)F + Hp.)
+ h%(D., (dy — 2d)F + Hp_) + h°(D.,2Hp.) — 2.

(4.3)



14 STEPHEN COUGHLAN, YONG HU, ROBERTO PIGNATELLI, AND TONG ZHANG

It is easy to decompose these vector spaces in terms of monomials on D,
using the weight matrix (2.1):

HY(D.,F) = S(to, t1),
HYD,,(d—do)F + Hp.) = Cxo @ 32D (1o, )z,
HYD.,(dy — 2d)F + Hp_) = §?0=34(tq, t1)xo ® Cxy,
HY(D.,2Hp,) = S*o=d 1y t))a2 @ S%(to, t1)zox1

@ §2@d=do) (1 112} & Cy.
It is clear that h%(D,, F') = 2. The sum of the dimensions of the next two

terms is

hO((d — do)F + Hp,) + h°((dy — 2d)F + Hp,) = 4 if do = 3
0 b 0 b= 3d — 2dy + 3 otherwise.

In fact, if dy = %d, then 3d — 2dg = 0, and hence H%(D,,(d — do)F +

Hp.) = HYD,,(dy — 2d)F + Hp,) are both two dimensional with basis

rg,r1. On the other hand, if dy < %d, then 2dy — 3d < 0, and hence

hO(D,, (d—do)F+Hp.) = 3d—2dy+2 whereas h(D,, (dy—2d)F+Hp.) = 1
Finally, we have

3d + 4 if do > d;

r(D,,2Hp.) =
5d — 2dp + 3 otherwise.

In fact, note first that both d and 2d — dy are positive. If dy > d, then
2(dp — d) > 0, and hence
hY(D,,2Hp,) = (2(dy —d) + 1) + (d+ 1) + (2(2d — dp) + 1) + 1 = 3d + 4.
If dy < d, then x% does not appear in any section of 2H, and hence
hY(D,,2Hp.) = (d+ 1) + (2(2d — do) + 1) + 1 = 5d — 2d + 3.
Combining the above computations, we get the following three cases.
(1) If dg = 2d, then
dimAutD, =2-244+ (3d+4) —2 = 3d + 10.

(2) If d < dy < 3d, then

dimAutD, =2-2+ (3d —2dp + 3) + (3d + 4) — 2 = 6d — 2dy + 9.

(3) If +d < dy < d, then

dimAut D, =2-2+ (3d —2dy + 3) + (bd — 2dy + 3) — 2 = 8d — 4dy + 8.

This concludes the proof. O

Next we count parameters for the branch divisor B in D,, which is an
element of H(D,,10Hp,) of the form

a a a
E Cao,a1,a2 (t07t1)$00x ly 2
ap+ai;+2a2=10
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Each monomial z3°z{'y* contributes by adding 1 + deg cqq,a;,0, to the di-
mension h°(D,, 10Hp, ), unless deg cq.ay.0, < 0, in which case the contribu-
tion is zero. The formula for the degree of each cqq a; a,(to, 1) is in (2.5).
In the proof of Proposition 2.11 we noticed that the negativity of the
degree of cqq.q,,0, depends on the ratio do/d: the smaller dy/d is, the more
monomials there are, whose coefficient has negative degree.
We summarize the result of that computation in the following Table 1.

TABLE 1. Table of vanishing monomials

dp/d monomials with vanishing coefficient stratum

<1 1,(1)07 55%?% x8y2, xéy4, l‘%y4 terminal
< % ngfl CA1
< % 3385613/ CA3
< % 3381‘192 CA4
< % 33837% CDG
<3 zoaty, w1y’ cEq

The last column reminds us what singularities the general X (d;dp) has,
when d/dy approaches the upper bound in the first column. When dgo/d > 1,
all the other coefficients have non-negative degree.

Lemma 4.2. The vector space H*(D,,10Hp_) has dimension

125d + 36 if d <dy < 3d;

155d — 30do + 31 if £d < do < d;

162d — 38dp + 30 if 2d < dy < §d;
h’(D.,10Hp,) = { 167d — 44dy +29  if 3d < dy < 2d;
170d — 48dy + 28 if 2d < dy < 3d;
174d — 54dy + 27 if 3d < dy < 3d;
(177d — 60do + 25 if 3d < dy < 3d.

Proof. We first observe that

(44)  HUD.10Hp)= (P SUEwore (to,h)af'n] y"
ap+ai1+2a2=10

Ifd<dy < %d, then all the coefficients ¢4 q,,0, have non-negative degree.
The number of monomials is 222:0 RO (P!, Op1 (10 — 2a2)) = 11+ 9+ 7+
54+ 34 1= 36. Hence

W(D.,10Hp,) = Y (14 degcaga.a)
ao+a1+2a2=10

=36 + g deg cqg.a1,as-
ag+ai1+2a2=10
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Now we replace deg cqq,q,,0, With its expression in (2.5). By symmetry,

Z (a1 — ao) = 0,

ap+ai1+2a2=10

(4.5) Z deg cag,a1,a0 = dz # = dz ai

ap+ai1+2a2=10
5 10—2as2
11 9 7 5) 3
> 3 m=a|(5)+ () () )+ ()] -
a2=0 a;=

This concludes the proof of the case d < dj.

If %d < dp < d, then the monomials 35(1)0, ar:gy, x8y2, xéy?’, x%y4 no longer
appear in the equation of the branch divisor because their coefficients have
negative degree. We modify the computation of h%(D,,10Hp_) to correct
for these missing summands of (4.4), to get

4
hO(D.,10Hp,) = 125d + 36 — > (1 + deg cio—ar,0.k)
k=0
— 125d + 36 — (5 + 30(do — d)) = 155d — 30dy + 31.

If %d <dy < %d, then we also lose x%xl, and so the dimension is
h(D.,10Hp.) = 155d — 30dg + 31 — (1 + deg c9,1,0) = 162d — 38dy + 30.
If %d <dy < %d, then we also lose xgxly, and so the dimension is
h(D.,10Hp,) = 162d — 38dy + 30 — (1 + deg cr11) = 167d — 44dy + 29.
If %d <dp < %d, then we also lose x8x1y2, and so the dimension is
h%(D,,10Hp,) = 167d — 44dy + 29 — (1 + degc5,1.2) = 170d — 48dy + 28.
If %d <dy < %d, then we also lose x%x%, and so the dimension is

h(D.,10Hp.) = 170d — 48dg + 28 — (1 4 deg cg00) = 174d — 54dg + 27.

If %d <dy < %d, then we also lose 2522y and z3z1y3, and so the dimension
is

h%(D,,10Hp,) = 174d — 54dy + 27 — (1 + degcg21) — (1 +degcz13)
= 177d — 60dg + 25.

This concludes the proof. O

Using the dimensions of H%(D,,10Hp.) and Aut D, which were computed
by the preceding lemmas and the formula (4.2), we get
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Proposition 4.3. For each d > 5, the modular family My(do) is unirational
and has dimension

(1224 + 25 if do = 3
119d +2do + 26 if d < dy < 3d;
147d — 26dy + 22 if d < dy < d;
154d — 34do + 21 if 2d < do < %d;
159d — 40dg +20  if 3d < do < 3d;
162d — 44dy + 19 if 2d < do < 3d;
166d — 50dp + 18 if +d < do < 3d;

169d — 56do + 16 if 3d < do < 3d.

In Proposition 4.3, dy is assumed to be an integer, but it is natural to

Ad<d0) = dide(do) =

view Ay as a function in one real variable. From this point of view, we have
the following proposition.

Proposition 4.4. Fizd > 5. Then there exists a piecewise linear real-valued
function
1.3
Ad: |:4d, 2d:| — R
whose component linear functions are given in Proposition 4.3 such that

(i) the set of discontinuities of Aq is composed of the following seven
points
123573
= ) = -, =, =, =, — 1 — N
{dO Ad with A 273746’ 8’ 72}7
(ii) Ag is linear in each connected component of the domain of continu-
ity;
(iii) for each integer dy in the domain of Ay, we have
dlde(d(]) = Ad(do)
Moreover,
(1) The restriction of Ag to [%d, d] NN is strictly decreasing;
(2) The restriction of Ag to [d, %d] NN is strictly increasing;
(3) A (5d) = Mg (B552).

Proof. The statements about the monotonicity of Ay follow from the for-

mulae of Proposition 4.3 by looking at the sign of the coefficient of dy. We
only need to check what happens at the discontinuities.

Let us first emphasize that both monotonicity statements (1) and (2) do
not concern the function Ay as a whole, but only its restriction to the inte-
gers. Indeed, such statements do not generalize to the whole function Ay,
exactly because of the points of discontinuity. More precisely, the disconti-
nuities are as follows

\ 12 3 5 1 1 3
2 3 4 6 8 2
AgM) —lim, - Ag(z) |2 1 1 1 1 4 —1
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whereas the aforementioned generalization, to be true, would require all the
“gaps” in the second row to have the opposite sign to that which is displayed.

Since the statements are for integers, we only need to check the sign of
Ag(Ad) — Ag(Ad — g¢) where g is the smallest strictly positive number such
that Ad —ep € N.

The discontinuity at %d is only relevant if d is even, and then we have
g9 = 1, and Ay is linear with derivative A, = 2 on the interval [d, 3d).
Thus lim, ,yg- Ag(z) — Ag(Ad — o) = Al,-e9g = 2 -1 is positive enough
to compensate the —1 from the above table. So Ag(3d) — Ag(3d — 1) =
—1+42 > 0. This proves the monotonicity statement (2).

To prove (1), we use an argument very similar to the last one. Now
DS {%,%,%,%,%,1}. If X\ = g, then gy > %, and so in all cases g9 > %.
Then lim, ,yg- Ag(z) — Ag(Ad — g0) = Al - g9 < —26- & < —3. Since the
above table shows that Ag(Ad) — lim,_,,4- Ag(z) < 2, we conclude that
Ag(Ad) — Ag(Ad —g9) < =3 +2 <0, proving (1).

To prove (3), we first notice that since d > 5, then 25516_3 — %d = 9,113:%2 > 0.
So 2551(;3 € (%d, d). Hence by Proposition 4.3, we have
25d — 3 25d — 3 3
A = 147d — 26 - 22 =122 25 =Ay4( =d ).
d( - ) a6 200 d+25 d<2d>
This completes the proof. O

4.2. The moduli space Mz, . We can now prove the description of the
moduli space of threefolds on the Noether line with p, > 11.

Write Vy(do) = Pga,(Ma(dp)). Since @44, is always finite-to-one, we
have dim Vy(dp) = Ag(dp). Recall that d is a deformation invariant, so if
the closures of Vy(dp) and Vi (d;) intersect, then d = d'.

Theorem 4.5. For each d > 5, the moduli space ./\/lK37pg of the canonical
threefolds with p; = 3d — 2 and K® = 4d — 6 stratifies as the disjoint union
of the unirational strata Vy(dy), where dy € N and id <dp < %d. Moreowver,

(1) Vg (L%dJ) is dense in an irreducible component of Mys .

(2) If do > d, then Vy(do) is contained in the closure of Vg (|3d]).

(3) If do < 253(;3, then Vg (dp) is dense in an irreducible component of
Mg

’pg ‘

Proof. Since we are assuming d > 5, by Corollary 3.5, the unirational subva-

rieties Vy(do) stratify Mgs , . Part (1) is | , Proposition 2.2]. Part (2)
has been proved in | , Proposition 2.2 and 2.4] borrowing a technique
from | .

It remains to prove (3). Arguing by contradiction, we assume the exis-
tence of an integer dy < 25516_ 3 such that Vj (dp) is contained in the closure
of V (dfy) for some djy # dy. In other words, for each X = X (d;dy) we have a
flat family X — A over a small open disc A with central fibre X and general

fibre of type (d, dj).
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We claim that dj, > dy. Otherwise, we have dy > df, > 2. Thus by the
discussion before Proposition 2.9, the canonical image of X is a Hirzebruch
surface F3q_24,. It follows that the relative canonical sheaf wy, induces a
rational map X' /A --» F/A where F/A is a flat family of Hirzebruch sur-
faces, with central fibre isomorphic to Fg;_24, and general fibre isomorphic
to Fzq a4 (see [ , Proof of Theorem 5.4]). This implies that dj, > dp,
which is a contradiction. The claim is proved.

On the other hand, if V; (dp) is contained in the closure of Vj (dj)), then
Ag (do) < Ag(dfy) which by Proposition 4.4 implies dj < dp, a contradiction.
This completes the proof. O

Now we are ready to proof Theorem 1.1.

Proof of Theorem 1.1. For pg > 11, the non-emptiness of Mgs , follows
from Proposition 2.3.

Suppose that M ), is non-empty. By Theorem 4.5, all X(d;do) with
do > d are in a single irreducible component, while the others may each be a
different component. Note that all the possible irreducible components are

unirational. So an upper bound for the number of irreducible components
is the number of integers between % and d, which is L%d + 1J = {%J.
Similarly, a lower bound is obtained by removing all the integers strictly

bigger then 25gg 3 and strictly smaller than d. That is, we remove L%J =

pg+8
78
To prove the dimension formula, note that by Proposition 4.4, the stratum

Va(dp) with the maximal dimension is the one with dy = [%1 = [%W

integers.

Hence the result follows from Proposition 4.3. U

Remark 4.6. Though the moduli space of canonical surfaces on the Noether
line has at most two irreducible components, recently Rana and Rollenske
[ | studied the moduli space of stable surfaces of general type on the
Noether line, also obtaining several components.

4.3. Final remark. The statement of Theorem 4.5 does not say anything
about the strata Vy(dy) with 25‘216_3 < dg < d, and there are Ld%gj = Lp%ﬁJ
of them. For these strata, the argument in the proof of Theorem 4.5 leaves
two possibilities: either Vy(dg) is dense in an irreducible component of
Mps p, Or Va(dp) is contained in the closure of Vj (L%dJ)

For numerical reasons, there is no such stratum when p, < 69, (equiva-
lently d < 24). The case d = 24 (so p; = 70 and K = 90) is the first case in
which we cannot decide if a certain stratum is dense in an irreducible com-
ponent or not. As an illustration, the dimensions Agy(dp) of the relevant
strata Va4(dp) of the moduli space Mg 7o are given in Table 2.

In this case, we do not know whether V54(23), that has dimension 2952,
is dense in an irreducible component of Mgg 79, or lies in the boundary of
V24(36), whose dimension is 2953.
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[Ale96]

[CCJI20a]

[CCI20D)
[CH17]
[CHJ24]

[CIL24]

[Cox95]
[CPO6]
[CP23]

[FPR15)

TABLE 2. Table of Agy(dp)

do hO(Dz,l()HDZ) dim Aut D, A24(d0)

36 3036 82 2953
35 3036 83 2952
34 3036 85 2950
33 3036 87 2948
25 3036 103 2932
24 3036 105 2930
23 3061 108 2952
22 3091 112 2978
21 3121 116 3004
3793 168 3624
3853 172 3680
3913 176 3736
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