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For projective varieties of general type the volume measures the
asympt.fi growth of the plurigenera

vollxlen limsuphoy.nl n dim X
m a

If Ky is ample it equals the selfintersection KI



If X is a smooth curve of genus gia
21N a vol IN 2 g 1

From now on Pg X ho X Kx

n 2 Classical Noether Inequality
If X i a surfare

IN volta 72 Pg 4I
since the canoni almodel of a surface is Govenstein

n 3 3 dimensionalNoether inequality
After a long work with contributions of severalscholars we have

I Chen M Chen C Jiang 20

besana thecanonicalmodelof a 3 Fall is Q Gorenstein

To my knowledge the inequality voluti Gpg If was fist conjectured by
MReid



One interpretation of theNoether inequality in dim 2

X canonical surface that is
canoni al model of a surface 5 of general type Prof e HIS m'g

il'suniquebirationalmodelwithatmustianonicalsingularities aut Kxample
then KI 72 Pg 4

Wto e Pg72 the canonical image E of Xia nondegeneratesub ariety
of IP of dimension 2 02

If dimE L KI 7 4Pg Xiao's inequality

If dim E 2 K 3 deg y dig E 4k il the canonicalmap

If deg 4 es thenE is ofgeneraltype andthendeg23,3ps 7 so k 319
7

Otherwise deyEspy 2 KI 2py 4



Surfaces on theNoether line M Noether Enriques Horikawa

Recently Rana Rollersu proved that the interactionofthe closures

of then two components in the SBA m illi space isnot empty



Horikawa prove that if K 2pg 4 and pgs
then E is a

egee delPazzo Hinzetruth conface IF embeddedin 117

ha Aot È TI pg 2 e il

Hey Dai the sectionwithD e

I is the classof theviling T'Io

is a double cover of IF branded on Be Aot se patiti

B D Da 51 e tetpgtl pg.tl 2 e 70

The exceptional family happens when B Bo Do o Thenpagelle il

Then pg e py 2 are even e is even

KELP 4 Ge 8 is divisilli by 8



Double loves description ofthegeneralsurface in each family

Main family Exceptional family wth K'dilys

Fe e O le e It

Do Do

BE



The ruling induces a genus 2 fibration on X

If X P is a velati ely minimalgenus e fibration
then I see Horikawa 77 Xiaogang si latanese 0671

KI 2710,1 6 deg E ipg 4 dest 19
for E effettive in's ou on il supported on the image of

the 2 disionneat fibers F A B wth A B 1

The i disionneilid filu are thosewith special canonicalrings
The gin al film are hyprinufaces 6 CIP 11,1 3
The a distonnectel fibre are tonante intersections 2

e Il 11,1 2,31

So the content on theNoetherline in things 7 an genus Elution
with all fine di type Cgc Pli inland basi IP



Toric description falso in Roma bollente 121

Tu te ne sei 2

IF 1 1 0 e

o

b

I I 3

antinlevant dal Ietto titolari il

Some get VIII cit

ld.nl to ti xo ai zl s dto dti uno In d'µ e 1

IF

L
la fibration il l 11,1 I singular along a settion s

11



DI Da F Da H Da HALF DI SHTLF

Tare X e GHtabFI X is definedby a polynomialof the form

siffatto tilt noseifab.se to tsl asfah selto

talmthfato t homogeneous ddiga d Note X ns 0

K Ht b e 21 F1 HIXkxl cfs.ee o fb ie

npg2b 3e 2KE2pg 4andtheianoniial image is Fe



Zhu Es to tal nonifetto tal sei fan_getto tal

Not that if 5 e ab both the coefficient of ai and wont vanish
Ss X is not normal having a double line oh 4 7 0

So se sab Horikawa's pgs e 2

The exceptional family come then when te ab and Xis

t no at tetto til non fretta t min feat



Threefolds

This is the bestresult that I know on theNortherinequalityof 3 folds

It is published on no b 5 Chen M Chen I Jiang
It builds on severalprevious similar results bythe sameauthorsact theircollaborators

In all these proofs it appearsevident that the threefold near theNeitherline

admit a fibration X IP wth generalfibre a 11,2 turfan



Definition A sit luntan is a ianonical surface with
K 1 and Pg L

They are classified by Horikawa

They are hypasurfius ofdegne 10 in 1112,22,5
In otherwords their ianonicalring is of the fum Etiopia.tt z4

Theorem Franciosi Partini Rollinsne 27

All Govenstein stable surfaceswith its and pg zarehypevurt.us
of degne 10 in IP 2,212,5



Our idea Coughlan

If fibration in la il surfacesplay the same role for 3 folli as

genus 2 fbrations for surfaces those on the Noether lie
should be those with no special fibres whatever thatmeans

Then we decided to study fibration such that All fibres are hypersurface

of degree 16 in 11 11,1 1,5



We consider for all is the truciation S r e 5 to be the subalgebra

generati in degna k



The following is a generalizationof a famous ni ult of Grothendieck

Hen it is the natural map T IF B



We first proved the following natural result

Then we started studying these hypersurface



In particular X is 2 Govenstein and Govensteiniff Yas 0

Neve a ht X Ox andN isthedegree of thecoefficient of y

Geometrically N is theexpected iardinalityof Ansa

So N 91,9 so In fact q equals thegenusof B and we proved qe
2

Inally K Gpg I Ne 9 arto



The classification

and let X I d dal be a fonte divisorwith canoni al singularitiesofthe

form



X Cd Lol are regularGorniteinsimple fibrations in 11,11sulfias
Weill say that they an of type d d l

The an Every Gounstein simplesituation in iil surfare is a Kid dal

Those with to I d have equation of the form



Canonicalmodels

X 312 and X 2 d 2 de 8 have It big and nef but notample

Their canonicalmodels have the same invariants as above and then

they lie on the Noether line

The few X did wth min Il dal e i are

a either not of general type
ou their canonicalmodel isabove theNoetherline

small pg small volume





Yang ha and Tong Zhang proved the following 120221



A similar analysis can bedone for non Gorenstein simplefibration in
e d surfaces producing lots of a Gounglin 3 falls with

K jpg G È NE IN Ns I

For Ne 2,2 we are exaitly in the situation of Hu autZhang

Thismotivates the following

Contectualsoughlan P Thenexist a Esocuchthatallianonical _Felts
with it s Gpg io E an simphfibrakone in fil surfaces



Theorem louglian Hu P thang
Theconnate is True Five t
All canoni da falls with il s Gpg I f with pgs 22 am ilCd d l

What is themaximal E Vernon E

Her are not Gounstein 3 Govenstin anonime3 folli sono l'simplefibrations

with R Ypg E t
è É

Tana IF fori with weightmatrix E a 1 2 35

a da generali i of

2 y't Tout

then py Ca K sa Gpg f



What's next

We are working on

complete description of the moduli space of colonia
3 folds with K

Gpg if and py something

find the optimal E fischi il the ionjeitan il time

In the best case e 3 the canonical 3 folds with K 4Pg f would form

4 lines in thegeography K Pg It I Neo 2,2

filling all points Ik Pg
with It Y E IN lancia 3 fill Natha line

of Gouki Gouldin s anomala fils
Index 2


