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Theorem 1. Let X be a projective 3-fold of general type and either
pg(X) <4 orpy(X) > 11. Then

Q S vol(X) > 4pg(X) 13—0
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Annals of Mathematics, 104 (1976), 357-387

Algebraic surfaces of general
type with small ¢, 1

By E1J1 HORIKAWA*

In Section 1 we shall prove that the canonical map @, induces a holo-
morphic map of degree 2 onto a surface of degree n — 1 in P*, n = p, — 1.
We shall classify our surfaces according to their canonical images.

In Sections 8 and 5 we shall prove that minimal algebraic surfaces with
given p, and ¢? satisfying ¢! = 2p, — 4 and p, = 3 have one and the same
deformation type provided that ¢? is not divisible by 8.

In Section 7 we shall study the case in which ¢? is divisible by 8. If we
fix ¢2, these surfaces are divided into two deformation types. They are homo-
topically equivalent or not according to whether ¢? is divisible by 16 or not.
It is not known whether these two deformation types are diffeomorphic or
not when ¢? is divisible by 16.
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Theorem 1. Let X be a projective 3-fold of general type and either
py(X) <4 orp,(X) >11. Then
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Definition 4.1. A simple fibration in (1,2)-surfaces is a morphism
m: X — B between compact varieties of respective dimension 3 and 1
such that

(1) B is smooth;

(2) X has canonical singularities;

(3) Ky is m-ample;

(4) forall p € B, the canonical ring R(X,, Kx,) := @, H"(X,, Kx,)
of the surface X, := 7 'p is generated by four elements of re-
spective degree 1, 1,2 and 5 and related by a single equation of
degree 10.



Definition 3.1. Let B be an algebraic variety, a; positive integers. A
weighted symmetric algebra S on B with weights (a4, ..., a,) is a sheaf
of graded Op-algebras & := @ -, Sq such that Sy = Op and B is
covered by open sets U with the property

(8) Su = Ovlze, ..., 2,

where Oy |xy, ..., z,] is graded by degz; = a;.

/
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Definition 3.9. Let S be a weighted symmetric algebra with weights

(ay*,...,al™) where a; < --- < a,. For every 1 < j < n, the character-

istic sheaf of degree a; is the cokernel &, (S) of the natural inclusion
Ta.

;e S[CLj — l]aj —> Sa_.j-

Since S;y = Oy|xy,...,x,], this is a locally free sheaf of rank r;. We

/

denote the projection maps by €4, : S, —+ €4,(S).



Definition 3.12. Let S be a weighted symmetric algebra with weights

(a1,...,a,). Then F := Projg(S) is called a P(ay,...,a,)-bundle over
B.
TLl fo"owt'hs s Q ?tma.ef?gam 0" a Pc\nous vesed € Of 4&aanu‘a.ick
Proposition 3.19. Let F = Projg(S) be a well-formed P(al', ..., a")-

bundle, a1 < a, < -+ < a,.

The relative dualising sheaf of F s

wr/B = T (Qp det £a,) (= 2k Trak),

where €, 15 the characteristic sheaf of S in degree ay.

Hbu Y éL( nal’urﬂf map 1)’:”: ——)B
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Theorem 4.6. Let m: X — B be a simple fibration in (1,2)-surfaces.
Then there is a weighted symmetric algebra S(X) with weights (17,2, 5)
such that X 1is isomorphic to a hypersurface of relative degree 10 in the

P(1,1,2,5)-bundle F(X) := Projz(S) — B.
Then we sl-'mu sfmlw‘n, “us.'. hy,\mu\ﬁu;

Definition 4.8. The singular locus of a P(1, 1,2, 5)-bundle over B is

the disjoint union of two sections s, and s5, where s, has Gorenstein
index k.

Proposition 4.9. Let 7: X — B be a simple fibration in (1, 2)-surfaces

and suppose that X C F(X) where F(X) is the P(1,1,2,5)-bundle con-
structed in Thm 4.6l Then

(1) Xﬂ55 2@;
(2) 52 € X.
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Proposition 4.21. Let 7: X — B be a simple fibration in (1,2)-
surfaces. Then

1 N 4 10 N

Ky = §X(WX) —2x(Op) i g(Pg — q2) + ?(QI — 1)+ e

Heve gy=h® (X, 0x) and Nisthe &’ru of the coefficinl of y5.
gtmtu’cqﬂy N s bhe .t.xpecttl ca.ch'mL:L‘Y of Xns,,

Co N, q, 4,30, In fact q,2quels the genus of B, and we proved q,<2

Corollary 4.22. Let7m: X — B be a simple fibration in (1, 2)-surfaces.
Then K5 > £(4(pg — ¢2) — 10(1 — q1)) with equality holding if and only
if X 18 Gorenstein.
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1.1. Toric bundles. Choose integers d, dy and define F = F(d; dy) to
be the toric 4-fold with weight matrix

to t1 X ) y z
(1) 1 1 d—dy dy—2d 0 0
0 O 1 1 2 D

and irrelevant ideal I = (tg,t1) N (29, 71,9, 2). In other words (C*)?
acts on C® with coordinates tg, t1, o, 1, y, 2 via (1):

()‘7 N) ) (t()a tl) Lo, X1,Y, Z) — ()\t()a /\tla )‘d_doﬂx()v >\d0_2d,ux17 u2ya ,U“SZ)
and F is the quotient (C° \ V(I))/(C*).

Up to exchanging the z; we may and do assume without loss of
generality any of the following equivalent conditions:

d—dy>dy—2d <= dy < 2d <= e:=3d—2dy > 0.
and u X ( cL; 1,) l’{ o~ Com(ln dicov Wil auonial s‘-’n’ulau'l:u 0€ﬂvl.

2 5) , .ap a1, a2
fo\m\ 25+ Y+ E Cag,ay,az (tos 1) Ty

ap+ai1+2a2=10
as#H
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Proposition 1.6. Gorenstein regular simple fibrations in (1, 2)-surfaces
of type (d,dy) exist if and only if dy > id. The singular locus of
the general X (d;dy) is contained in the torus invariant section sy =
D, "D, ND,. More precisely

(a) X is nonsingular iff d < dy < gd or dy = %d;

(b) X has 8dy — 7d terminal singularities iff gd <dy<d;

(¢) X has canonical singularities along sy iff %d < dy < %d. []

Those wilh 4, =.§.¢! have ¢qua.l:n’m of Cthe form

ot y5 == xl(xg + g(to, t1, To, Z1,Y))
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Theorem 1.11. Gorenstein reqular simple fibrations in (1,2)-surfaces
of type (d,dy) are canonical 3-folds if and only if min(d,dy) > 3. In
these cases

4p, — 10

Pg=3d—2, ¢1=q=0, ]{§(=4d—6: ;

Their canonical image is the Hirzebruch surface ., e = 3d — 2d,.

X (3:2) and X (2;4), 22d s, have K, big and nef bu€ nelawple.
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Theorem 5.4. For every p, > 7 of the form 3d—2 let ./\f]?q be the subset
of the moduli space of canonical threefolds with geometric genus p, and
K3 = %pg — % given by smooth simple fibrations in (1,2)-surfaces.

Then ./\/;SL has

one connected component if d is not divisible by 8
two connected components if d 1s divisible by 8.

All these components are unirational.

One component is formed by those 3-folds with canonical image ¥,
0 < e < d This is an open subset of the moduli space of canonical
3-folds.

When d s divisible by 8 there is a second component of the moduli
space of canonical 3-folds including smooth 3-folds whose canonical im-
age 18 F%d. The intersection of the closures of the components in the

moduli space of canonical 3-folds s not empty.

In particular the modult space of canonical 3-folds with given p, =

3d — 2, K3 = %pg — % 15 reducible when d 1s divisible by 8.



Tong He and Tony thewy proved Bhe following (2022)

Theorem 1.5. Let X be a minimal 3-fold of general type with py(X) > 11.

(1) Suppose that K5 > %pg(X) — % Then we have the optimal inequal-
1ty

, 4 19
(1.3) Kx > 2Pg(X) — 6

If the equality holds, then py(X) = 2 (mod 3). Moreover, X has only
one non-Gorenstein terminal singularity, and it is of type %(1, —1,1).

(2) Suppose that K3 > %pg(X) = % Then we have the optimal inequal-
ity

‘ 4
(1.4) K% > Spy(X) =3

If the equality holds, then py(X) =0 (mod 3). Moreover, one of the
following two cases occurs:

(i) X has two non-Gorenstein terminal singularities, and they are
of the same type %(1, —1,1);

(ii) X has only one non-Gorenstein terminal singularity, and it is
of type cAy/ps.
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